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Abstract—The dynamics of soft contact between a rigid 
body rolling over a soft material is quite challenging to be 
solved. Contact area and force distribution at the contact 
interface changes as the rigid body rolls over the soft 
material. The soft contact dynamics is modeled using multi 
bond graph approach integrated with finite element method. 
Stiffness and Inertia matrices for the soft material are 
calculated using finite element method. Stiffness and inertia 
matrices are used as C-field and I-field respectively in the 
bond graph model. In this work, as an example a circular 
disc rolling over a layer of silicon rubber is considered. The 
disc is moved with controlled force using proportional and 
derivative controller. Bond graph structure for the system is 
developed. MATLAB code is generated directly from the 
bond graph model. Model is validated with simulation which 
determines soft material deformation, contact area and 
forces distribution. 

Keywords—Bond graph, Causality, FEM, Simulation,  Soft 
contact Rolling,  

 

I.  INTRODUCTION  

First contact model was developed by Hertz in 1892 
which relates radius of contact with normal force. It 
determines radius of contact is proportional to the normal 
force raised to power 1/3. The surfaces considered in the 
model were linear elastic with small contact. Later 
Johnson-Kendall-Robert [1] included the effect of adhesive 
forces in the contact model. Xydas and Kao [2] developed 
power law theory for the soft contact between a rigid body 
and a nonlinear elastic soft finger. 

The contact between two objects may be considered 
either a point contact or an area contact. The point contact 
is an ideal approximation. Area contact is more realistic 
which produces force distribution over the contact area and 
also results in development of moments. The existing 
approaches for the contact modeling can be broadly 
classified in three categories: constraint based, impulse 
based and penalty based approach [3-4]. Constraints based 
approach uses optimization of linear complementarity 
problem and limited to simple geometry. Impulse based 
approach is more suitable for impact contact [5]. Penalty 
based model constraints inter penetration of contact 
surfaces by inserting a virtual spring and dashpot in 
between. Spring produces force directly proportional to 
depth of penetration [6-7]. Most of the existing work 

solves the contact problem when two contact bodies are 
rigid and in static equilibrium. 

In this work, a circular disc and a piece of silicon 
rubber are taken as a rigid body and a soft material 
respectively. The soft contact dynamics are obtained for 
two cases. First is when the disc is merely placed on the 
soft material. Second is when the disc is rolled on the soft 
material in controlled manner. Bond graph structure 
representing rigid body dynamics is established. The soft 
material stiffness and mass matrices are calculated using 
finite element method (FEM) [8]. The bond graph model 
for the soft material is developed by considering stiffness 
and inertia matrices as C-field and I -field respectively. 
Subsystems bond graph models are integrated through 
contact interface. For computational simplicity, model is 
developed for planar case. The soft material is subjected to 
plane stress condition.  

The bond graph model developed is applicable for rigid 
bodies of all geometry. Cause and effect based 
representation facilitates the better understanding of the 
soft contact dynamics. Once the bond graph is developed 
on flow map basis, the dynamics is obtained from the 
model or vice versa. In this paper, development of the 
bond graph model is explained in section 2. Simulation 
results are presented in section 3 followed by concluding 
remarks at the end. 

II. BOND GRAPH MODELING 

A bond graph structure for the rigid disc is developed 
on the basis of flow mapping [9-13]. The model represents 
the kinematics of the disc. The disc is placed on the soft 
material layer. Moving frame of reference 1 is attached at 

the center of the disc. Velocity of any point iP  on the disc 

is given as 

0 0 0 0
0 0 0[ ] .

i iP C C P Br r r ω= − ×ɺ ɺ

 
 (1) 

Where Cr
ɺ0

0 is the velocity of the center of mass (CM) of the 

disc, Bω0
0 is the angular velocity of the disc observed and 

expressed in inertial frame 0. Translational velocity Crɺ
0
0 of 

the disc is represented at junction 
Crɺ

0
0

1  and angular velocity 
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Bω0
0 is given at junction

Bω0
0

1 . The velocity 
iPrɺ

0
0 is given at 

junction 
iPrɺ

0
0

1 as shown in Fig. 1. Translational inertia of 

the disc is modeled as I : m. Rotational inertia of the disc is 

modeled as I: [ ]DC I0 , where [ ]DC I0  is inertia tensor of the 
disc about its CM and expressed in inertial frame. 

Transformer element [ ]×
iPC rMTF 0:  relates angular 

velocity of the disc to translational velocity of point iP  

with respect to CM. 

 
Fig. 1. Bond graph model for soft contact between a rigid body and the soft material. 

 

For computational simplicity, the soft contact is 
modeled for planer case. The soft material is assumed to be 
in plane stress condition. The soft material properties 
determine the material deformation and contact area for a 
given disc mass. Stiffness and mass matrices for the soft 
material are calculated using finite element method. The 
soft material is discretized in to number of quadrilateral 
elements as shown in Fig. 2. 

 
Fig. 2. Discretized soft material with the disc placed on it 

 

Displacement field is calculated using linear shape 
functions. Elements' stiffness matrices are calculated using 
principle of virtual work and is given as 

.
1

1

1

1
∫ ∫
− −

= ηξ ddJBDBtK T
e

e  (2) 

Where J is Jacobian matrix and D is material matrix. 
Local stiffness matrices are assembled into global stiffness 
matrix. Mass matrix is obtained using same shape 
functions. Damping of the soft material is assumed to be 
constant. Stiffness, mass and damping matrices obtained 
above are used as C-field, I-field and R-field respectively 
in the bond graph structure. The soft material is discretized 
in to N number of nodes. For planer case, each node has 2 
degree of freedom. C-field and R-field are modeled as C:

1 

1 
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[ ]K ; [ ] NNK 22 ×∈ R and R: [R]; [ ] NNR 22 ×∈R respectively. 
Bottom layer of the soft material is made to be fixed by 

appending B
fS 20: R∈ to junction 

iGr
ɺ0

0
1 corresponding to 

these nodes.  Inertia of the bottom nodes B do not 
contribute to the system dynamics. Inertia of remaining 
nodes is modeled as I: [I]; [ ] )(2)(2 BNBNRI −×−∈ . 

To model the soft contact, if the bond graph model for 
the disc is attached directly to the soft material bond graph, 
the inertia of contact nodes attains derivative causality. 
Momentum states of contact nodes inertia depend upon 
other states of the system. To remove derivative causality, 
a virtual spring and damper is inserted between point iP  

on the disc and contact node iS  on the soft material. The 
resulting contact interface is the manifestation of penalty 
approach as shown in Fig. 3. 

 
Fig. 3. Contact interface of a virtual spring and a damper inserted 

both in tangential and normal direction. PD controller produce 
controlled force according to desired displacement trajectory. 

 

Junction 
iPiS rɺ00 represents the relative velocity of iP  

with respect to contact node iS  on the soft material. To 
compute normal and tangential forces at contact nodes, 
normal and tangential unit vector at each contact node is 

calculated. [ ]Ri
0  defines orientation of thi moving frame 

with respect to inertial frame. [ ]Ri
0:MTF  expresses 

relative velocity 
ii PS rɺ0  in thi  moving frame as given by 

iiii PS
T

iP
i

S rRr ɺɺ 00 ][=  (3) 

Relative velocity and displacement between node iP  

and iS  is obtained.  An algorithm for detecting nodes 
come in contact with the disc is developed. Position of CM 
of the disc with respect to each node on the top layer of the 
soft material is calculated. Any thi node comes in contact if 

 radiusrCi ≤0  (4) 

Where Ci r
0 is the position vector of CM with respect to 

any thi node on the top layer of the soft material. 28KC:  

and 29:RR  model normal contact. iS node remains in 

contact till 28:KC  element is in compression. 

Normal reaction at the point of contact is given as, 

292827 eeeF
iN

i +==  (5) 

Contact condition is defined as 
If 0≤

iN
i F , then  

    thi  node is in contact with the disc 
else 
    node on the soft material  is not in contact with the disc, 

    0>⇒
iN

i F  ; 

     normal reaction 
iN

i F = 0. 

Friction force along common tangent to the contact point is 
modeled by elements 23:KC  and 24:RR . Tangential force 

acting on the thi node is given as,  

RKi t
i

t
i

t
i FFF +=  (6) 

Where, 23eF
Kt

i = and 24eF
Rt

i =  

If 
ii N

i
St

i FF µ≤ , then 

     friction force
ii t

i
R

i FF =  
 else,  
     friction force

iitii N
i

KP
i

SR
i FrsignF µ)( ɺ=

  
where, 

iti P
i

S rɺ  is tangential component of the relative 

velocity 
ii P

i
S rɺ . 

Total effort 
iS

iF  at contact interface expressed in the thi  

moving frame at node iS  is 

T
Z

i
N

i
R

i
S

i

iiii
FFFF ][=  (7) 

Total force 
iSF0  at node iS , expressed in inertial frame, is  

[ ]
ii S

i
iS

0 FRF 0=
 

(8) 

Force acting on point iP on the disc is given as 

ii SP FF 00 −=  (9) 

If T number of nodes are in contact with the disc at any 

instant, then the total force BF0  on the disc, is given as 

 Controller PD

Disc

)(tvd
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in̂

it̂

iẑ
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iii nP
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(10) 

where Tmge }00{2 −= is weight of the disc and 35e
is controlled force produced by proportional and derivative 
controller which depends upon desired velocity trajectory .  

Total moment produced by the contact forces is 

[ ]∑ ×==
T

i

PPCBC ii
Fr

dt

Pd 000B
0

τ
 

(11) 

The bond graph model completely describes 
kinematics as well as dynamics of the soft contact 
interaction. MATLAB code is generated directly from the 
bond graph model. Simulation results are explained in the 
next section 

 

III.  SIMULATION RESULTS 

The bond graph model is simulated for two cases. (1) 
The disc is place on the soft material and it attains static 
equilibrium (2) The disc is made to roll over the soft 
material with controlled force generated by proportional 
and derivative controller. A thin layer of silicon rubber of 
0.25m length and 0.005m thickness is taken. For silicon 
rubber Young Modulus of elasticity E = 1.7 MPa and 
Poisson’s ratio ( )ν = 0.48 is taken. The soft material is 
meshed in to 3 layers as shown in Fig. 4.  

Case 1: The disc of different weight is placed at the 
center of the soft material and allowed to attain static 
equilibrium. The model is simulated for 2 seconds. The 
soft material is deformed and the disc form area contact 
with the soft material as shown in Fig. 4(a). Normal and 
tangential forces are also determined as shown in Fig. 4(b). 
Normal force 

iN
i F is maximum at the center of the contact 

area and it reduces outward. Maximum deformation for the 
discs of different weights is determined as given in table 1.  

 
Fig. 4. (a) Deformation of the soft material when the disc attains 

static equilibrium (b) Distribution of normal and tangential 
forces. 

 

TABLE I.  FORCES VERSES MAXIMUM DEFORMATION AT THE 
CENTER OF CONTACT AREA 

Force (N) Deformation (mm) 

0.0000 0.00000 

9.8100 0.13000 

19.6200 0.20000 

29.4300 0.28000 

39.2400 0.33000 

49.0500 0.39000 

58.8600 0.42000 

68.6700 0.49000 

78.4800 0.53000 

88.2900 0.57000 

98.1000 0.61000 
 

Figure 5 shows a plot between force verses maximum 
deformation of the soft material at the center of contact 
area. 

 
Fig. 5.  Force verses maximum deformation at the 

centre of contact area 
 

Case(2): The disc is made to move by controlled force 
acting at the center of the disc. The controlled force is 
produced by PD controller based on the desired 
displacement trajectory. The trajectory of the disc is such 
that the disc move TX distance in time T  but have no 
velocity, acceleration and jerk at the start and end and is 
defined as, 

                            0,0)( ≤= ttxd                        (12)     

Ttfor

tatatatatatataa

<<
+++++++=
0

,7
7

6
6

5
5

4
4

3
3

2
210        (13) 

TtXT >= ,                              (14) 

Where, 7210 ...,,,, aaaa are constant coefficients. The 
coefficients are calculated using conditions such that 

)(),(),( txtxtx ɺɺɺɺɺɺ are zero at time t = 0 and at time t = T. 
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39: KC  and 40: RR  element model PD controller. )(tx is 

the actual displacement and )(txd is the desired 
displacement. Displacement and velocity error are given 
as, 

      )()()( txtxt d −=ε                                     (15) 

)()()( txtxt d ɺɺɺ −=ε                                      (16) 

The PD controller generates force CF  which is given as, 

                    εε ɺ
4039 RkFc +=       (17) 

Horizontal force CF acts at the center of the disc. The 
disc rolls over the soft material. Figure 6 (a) shows 
translational momentum of the disc. Figure 6(b) shows 
angular momentum of the disc. Negative angular 
momentum is due to clockwise rotation of the disc about z 
axis.  

 
Fig. 6. (a) Translational momentum of the disc w.r.t. time; (b) 

Angular momentum of the disc w.r.t. time 
 

The simulation results of soft material deformation and 
forces distribution both in tangential and normal direction 
during the rolling of the disc over the soft material are 
shown by series of snapshots captured at specified time in 
Fig. 7(a)-(i). 

 
Fig. 7(a). The disk position and force distribution at time t = 0 s. 

 
Fig. 7(b). The disk position and force distribution at time t = 

0.2846s. 

 
Fig. 7(c). The disk position and force distribution at time t = 

0.3652s. 

 
Fig. 7(d). The disk position and force distribution at time t = 

0.4441s. 
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Fig. 7(e). The disk position and force distribution at time t = 

0.5017s. 

 
Fig. 7(f). The disk position and force distribution at time t = 

0.5665s. 

 
Fig. 7(g). The disk position and force distribution at time t = 

0.6451s. 
 

 

 
Fig. 7(h). The disk position and force distribution at time t = 

0.7473s. 
 

 
Fig. 7(i). The disk position and force distribution at time t = 

1.9538s. 
 

IV.  CONCLUSION 

The bond graph model developed above solves the 
various issues of the soft rolling contact. Causal based 
representation of the bond graph structure facilitates the 
better understanding of the contact dynamics. The model 
calculates both contact area and force distribution for the 
soft contact. The deformation of layers of the soft material 
is also obtained from the model. The soft contact is 
modeled by discretizing only the soft material. 
Discretization of the rigid disc is not needed. The model is 
general, not restricted to any specific geometry. With high 
computation capability the model can be extended to 3-
dimensional case also.  
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