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Abdract - In this paper, dynamics of the wdl-known
differential gear train mechaniam is presented in a sysematic
manner using the unified approach of bond graph. The approach
offers an dternative to the conventional energy based methods.
The dynamics of the mechaniam is also quite sgnificant from the
point of view of design. Reaction foroes and moments at different
locations, which are of interest from the design per pective, have
been presented. Rigid body dynamicsis applied to modd each link
of the mechaniam. Thelinks are congrained suitably based on the
nature of interaction between consecutive links In this work, the
code for dmulation is directly written from the bond graph,
without formally deriving sysem equations Simulation results
provideingght into the dynamicsof thedifferential mechanism.
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. INTRODUCTION

Bond graph [1, 2], are graphical tools which can be used to
model and analyse the dynamic behaviour of various muilti-
energy systems. In addition, cause and effect relationship
between the subsystems are conveniently represented. The
notion of causality, apart from aiding with the formulation of
system equations which govern the behaviour of the system,
help in pointing out any physical impossibility or system
property we may have failed to take into account in the
modeling stage [1, 2]. Simulation has become an indispensable
analytical tool using which one can experiment with a system at
little or no expense. In this work, a multibond graph (MBG)
approach is used to model the dynamics of the differential gear
train mechanism [3]. Using this Bond Graph model, we
simulate the dynamic behaviour of the mechanism. This
establishes a very effective method of predicting the behaviour
of systems, which, in a number of applications, can prove to be
economical as well as time saving. In general, mechanical
systems can be treated as a finite number of rigid bodies which
are constrained suitably based on the nature of interaction
between consecutive links. Kinematics of such mechanisms is
usually available in most texts and reference books on machines
and mechanisms [3, 4]. However, the dynamics is rarely
presented although it is extremely important from the design
perspective. Using the Bond Graph approach, simulation can be
conveniently carried out in MATLAB [5], and the dynamic
guantities like reaction forces and moments at various locations
on the system can be determined, plotted and analysed.
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The idea of modeling the differential mechanism using
bond graph was presented in 1992 by Karnopp [6]. Only the
rotational dynamics was considered and an issue of derivative
causality arising in mechanism models was addressed. The
planet gears of the differential mechanism not only have
rotational but translational motion as well. Consequently
centrifugal forces on planets arise and have to be borne by
appropriate reactions at the bearings on the crown arms. This
aspect was not taken into account in Karnopp’s work. The
model presented in this work is capable of handling rotational as
well as translational dynamics arising in the differential
mechanism.

This paper is organized as follows. The next section
describes the construction of the bond graph model for the
differential mechanism. Simulation results for the various links
have been presented and discussed in section 3, followed by
conclusions.

II.  MODELING

In this section, we develop a multi-bond graph model of the
differential gear train mechanism, representing the translation
and rotation for each rigid link of the system. The differential
gear train mechanism is used to transmit power from the
engine-gear box system to the rear wheels of automobiles, and
to rotate the rear wheels at different speeds while the automobile
is taking a turn. The differential gear train mechanism consists
of a number of rigid bodies (links) as shown in Fig. 1. Rigid
body dynamics [7], is applied to model each link. The links are
constrained suitably based on the nature of interaction between
consecutive links. Modeling of rigid body dynamics using
multibond graph was presented by Tiernego and Bos in 1985
[8l. Vaz and Hirai [9] had presented the application of
multbond graph to the modeling of spatial dynamics of
prosthetic devices in 2004. Rotational motion was expressed in
the inertial frame, leading to the elimination of the Euler
junction structure. The resulting model is computationally more
economical even though the inertia tensor changes with change
in orientation [10].

Seven rigid moving links of the differential gear train have
been identified as: lin — gear on the propeller shaft, liak-
crown wheel, link$*1 andP2 — two planet gears, linkl and
X — two sun gears and lirk — the housing which covers all
these rigid links. The links have relative motion with respect to
each other and also with respect to a stationary famee
housing is also assumed to be fixed with respect to the inertial
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frame. Each of these rigid links is modeled using multbond  and crown wheel and between planet gears and sun gears by
graphs (MBG). using a transformer (TF). Further constraints are applied on the
links (gear on the propeller shaft, crown wheel, planet gears and
sun gears) in the proper directions depending on the frame they
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et junction represents the translational velocity of the gear G on
Ay ‘ Crown Wheel propeller shaft. Similarly, the translational velocities of the
Sun Gear 1 ‘ X T
e ¥ E

(Arm) crown wheel A, housing H, planet gears P1 and P2, sun gears

S P———
a a
|

S1 and S2, are represented ushg. ,1,. ,1..
O T = e
! . . . .
! 1,. ,1,. ,1,. junctions.By using the relations
43 Sun Gear 2 OGCz 0!’031 OrCSZ
X =~ z, 0+ (V== O 0
f - = 4 + - X , 1
X, PlanetGearz*:IZI 0 CG 0 CH [CG CH ] 0% ( )
i —
o Gear on Propeller Shaft ; 0+ — Oy 0+ 0~
v : ofc, = ofe, T [CA e, ] oy, )
I
I
Fig. 1. Differential Gear Train Mechanism we described the relative translational velocity between
For modeling of each link we fix the frame on each link by 13?0@ and 18F<:H junction and betweeﬂ.g}A and 13*CH

using the Denavit — Hartenberg convention [11], commonly  jynction. Similarly,
known as D-H convention. Franhé is fixed on the linkH
(housing), framés is fixed on the linkG (gear on the propeller

0 _— Ox — 0
shaft), frameA is fixed on the linkA (crown wheel), frameiR1 orcp1 - orcA - [cA rcp1 X] 0 Was ©)
and P2 are fixed on the link®1 and P2 (Planet gears) and
framesS1 andS2 are fixed on the link§1 andS2 (sun gears). OF = Op _ [T X] 070 (4)
Also, Gy, Gs, Ca, Gy, Gy Csp and G, are the centers of mass 07Ce, 0°Ch LG 'Cpp 1 077AS
of the respective links as shown in Fig. 1. The translational
effect of each link is concentrated at its center of mass, while the we described the relative translational velocity between
rotational effect is considered in the inertial frame itself by 1 . and1,. junction and betweell,. and1,.
considering the inertia tensor for each link about its respective ofcpy ofca ofcp, ofca
center of mass and expressed in the inertial frame. junction.

The B_ond graph quehng _|s |_n|t|ated thh the R T [°F ] 0@ )
representation of kinematic relatlonshlpigaG Junction 0°Csy 0°Cy Ce1 Cy 1 0FHHY
represents the angular velocity of the gear G on propeller shaft. 0 on 0w 0—

Similarly, the angular velocities of the crown wheel A, housing orc;SZ - orcH + [csz rcH X] oW s (6)

H, planet gears P1 and P2, sun gears S1 and S2, are represented
using 1, , 1, , 1., 1, 1, 1, we described the relative translational velocity between
0Wa 0Wh 0Wp1 o0Wp2  oWsy 0Ws2 . .
o 0 _ _ 1,. andl,. junction and betweed,. andl,.
junctions. We takg, ¢J; as relative angular velocity df, ofcsy ofcy ofes, ofcy
0% junction respectively.

junction with respect tdl.ng junction. Similarly, o, as After specifying kinematic relationships between all the

relative angular velocity ofl,  junction with respect to links, cause and effect relationships between the subsystems are
0@a assigned. The notion of causality, apart from aiding with the
1, junction and similarly 22d,,, 2@, 2531 and formulation of the system equations which govern the
0% behaviour of the system, help in pointing out any physical
L@, are the relative angular velocities for junctidhs impossibility or system property that had been missed out at the
0@h1 modeling stage. While modeling the differential gear train
10@ , 1%5 and 1%5 with respect ta‘% junction. mechanism, derivative causality arises, and is rectified by
0 2 0 1 0 2 oA

introduction of suitable viscoelastic subsystems gived agd

R elements. The resulting bond graph becomes integrally
causaled. The code for simulation is directly written from the
bond graph model by tracing causal paths, even without
transformer M TF: '; R .Similarly, we observe the relative explicitly deriving the system equations. One can also derive

motion of planet gears and sun gears with respect to the crown SYStem equations explicitly, from the bond graph, for the
wheel and express in the frame of crown wheel itself by usinga PUPose of analysis.

modulated transformav TF: S R. Thus, we establish a gear In this work, the linkH (housing) is fixed by applying a
ratio relationship between motion of the gear on propeller shaft  source of flowS: =0 on the angular velocity of the housing

After that we observe the relative motion of gear on propeller
shaft and crown wheel with respect to the housing and express
these in the frame of housing itself by using a modulated
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and also on the translational velocity of the housing, so that the frame, is constrained. The dynamics of the system of Fig. 1 is
motion of housing, as observed and expressed in the inertial modeled in the multibond graph shown in Fig. 2.
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Fig. 2. Multibond graph model of Differential gear train mechanism

IIl. SIMULATION OF THE DIFFERENTIAL MECHANISM TABLE II. VALUES OF STIFFNESS AND DAMPING OF DIFFERENT
The Bond Graph model has been simulated using COUPLINGS USED FOR SIMULATION
MATLAB. Simulation results are shown in this section. For Stifines Damping
simulation, source of flow of 50 rad/sec is applied on@nk
This causes the crown wheel (lifkto rotate. We constrain the Rotational coupling between| K =1000000N.mfrad R 20 Nm.sirad
motion of one of the sun gears. Sun gear 2 (&#)ks free to source of zero angular velocit
rotate. Various simulation results have been obtained. Table 1 and housing

h h | f th . link d in th Translational coupling between K =1000000 N/m R=20N.s/m
shows the values of the various link parameters used in the | sy ce of zero linear velocity| H
simulation, whereas table 2 shows the values of the stiffness and and housing
damping of the various couplings used. Rotational coupling between| K =1000N.m/rad R=5N.m.s/rad
source of constant angular o o
TABLE I. LINK PARAMETERS velocity and ﬁef?f on propelie
sha
Density Diamete] No.of Teeth  Thickndss Translational coupling K_=1000000 N/m R=20N.sim
t t
Gear 2700Kgm | 01m 7 001l m parameters ;Ohra?tear on pmpe'\e'
Crown Wheel (Arm)| 2700 Kgfn|  04m 28 00Lm Rotational coupling parametets K = 1000N.m/rad R=2N.m.sfrad
for crown wheel i 8

=)

Planet Gears (1, 2) 2700Kgim 0.1m 12 001 m Translational coupling K =1000000 N/m 5: 20 N.s/m

SInG 17 TTO0KG 02 2 001 parameters for crown wheel A
un Gears (1, 2) gm 02m oim Rotational coupling parametets KP1= KPZ= 1000 RPU=RP1r= 01
r
for planet gear 1, 2 N.mirad N.m.sirad
Translational coupling K=K =1000000 R=R =20
P1t Pt Pt

P2t
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paral’neters for planet gear 1,2 N/m N.s/m Coordinates of centre of mass Cg, grcG Vs time
0.75 T T T T
Translational coupling K51: KSZ[: 1000000 RSH:RSH: 20 . ! ! ! ! ! ! X coordinate
t .7 ¥ coordinate ||
parar.neters for .sun gear1,2 N/m N.s/m el I T comdmte
Rotational coupling between K =K = R =R = o T [ T
gear on propeller shaft and Gly = o Gly ~Glz R e e e e R
housing 10000N.m/rad 10N.m.sfrad _ o
] e T e Hnt it el it et Bt Sl
Rotational coupling between K =K = R =R = g s (R (R S R
crown wheel and housing 10A(l)xON r?lJrad 181;\‘ mAsllyrad g I O B B S B A
h o 1 S e B e e e e e
Rotational coupling between| — K_=K_ = K7 RR=R= © Y T S O O N S B
y y T T T -or/BE-ammremmEm T -7
planet gears and crown whesl K_=1000Nmiad | R =10Nmshad N R R S N
| | | | | | | | |
Rotational coupling between KSlX: K51: KSZX: RSlX: RSl = RSZX: ) S S gy S PR
sun gears and crown wheel X y_ oo [
9 Kszy_ 1000N.mrad sy OB s 1 15 2 25 & 35 4 45 s
10N.m.slrad fime )
sgg:igog‘il;%uﬂnglgf\ﬁi% K Kar Kar R Ry ™R Fig. 4. Variation of coordinates of center of mass of link G with time
sty 100000N.m/rad =5N.m.siad
owtonal Coup%ng S T R R = Fig. 5 |nd!cates the variation in the angular momentum of
source of zero angular velociy sax sz sax - say the link G as it rotates. The angular momentum vector has only
and sun gear? 100000N.m/rad SN.m.sfrad thex component as the rotation is about the x axis. As indicated

in the fig. 5, the angular momentum first increase and then
almost constant with time. This is due to the constant value of
Simulation Plots: source of flow simposed on the link G in the x direction as

. . : _ observed and expressed in the inertial frame.
The simulation plots for the different links have been P

discussed in the following sections. EEC Angular momentum, Gear on Propeller Shaf
A. Link G (Gear) 4 N R AN N et
As the link G starts rotating from its initial position, the g B I S T S S R S fi |
orientation of the link G continuously changes with time. The 5 e
. . . g 8-~ e e e e e -
columns of the orientation matx’R] represent the motion S
of tip of the unit vectors with respect to a stationary frame 0. o e
The tip of unit vector in x and y direction moves in a circle as T A
the link G rotates in the y-z plane about x axis as seen from the [ I O S SO B N NN
inertial frame. And tip of the unit vector in z direction is seen as 2 o
a point because unit vector in z direction does not change its T
orientation. Fig. 3 shows all the three columns of orientation P T T O N SR B S
matrix of link G. A
&Rl columns Fig. 5. Variation of components of momentum of link G with time

We have considered a constant source of flow of 50 rad/sec
at the link G. This source of flow generates a torque which
rotates the link G and hence transmits motion to the rest of the
links to actuate the entire mechanism. Fig. 6 indicates the
variation of this generated torque with time which attains its
maximum value initially and then becomes constant. This
torque is required to start the motion of the system from its
initial position of rest.

components of torque TG s time
250 T T T T T T T T T

X component
y component
z component H

200+

Fig. 3. Orientation matrix of link QgR] 150} 4

100+ B

Fig. 4 shows the variation of components of the position
vector STCG of the center of the mass of the link G with time sof ]

which is constant because center of mass of link G does not
change its position with respect to time. Hence, center of mass
of link G does not trace any path.

torque in Nm

.50 L L L L L L L L L
0 0.5 1 15 2 2.5 3 3.5 4 4.5 5

time in seconds

Fig. 6. Variation of torque with time
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components of Reaction Force FG Vs time
10

X component
y component [
z component

Reaction Force(N;
=) N
—_—
. .

210 L L L L L L L L L
0 0.5 1 15 2 25 3 3.5 4 4.5 5

time
Fig. 7. Variation of reaction force with time

Fig. 7 shows the variation of components of reaction force
on center of mass of link G w.r.t. time. Link G rotates in y-z
plane about the x-axis as seen from the inertial frame. So, there
is a component of reaction force in the y and z direction with
decay in magnitude and becomes to zero as the link G gains its
momentum.

B. Link A (Crown Wheel or Arm)
Fig. 8 shows all the three columns of orientation matrix of

the link A. The columns of the orientation matfi{R]

represent the motion of tip of the unit vectors with respect to a
stationary frame 0. Link A rotates in x-y plane about z axis as
seen from the inertial frame. So, tip of the unit vector in x and y
direction move in a circle and tip of the unit vector in z direction
is a point because it does not change its orientation.

RR all columns

Fig. 8. Orientation matrix of link A] :R] .

Fig. 9 shows the variation of components of the position
vector gr_cA of the center of the mass of the link A with time

which is constant because center of mass of link A does not
change its position with the time. Hence, center of mass of link
A does not trace any path.

Coordinates of centre of mass C,, grc Vs time
A
0.75 T T T T T
: : : : : : X coordinate
| | | | | | Y coordinate
0.7 T T T T T I Z coordinate H
| | | | | | | | |
| | | | | | | | |
065 — —l— — 1 L _ L1
— | | | | | | | | |
£ | | | | | | | | |
] | | | | | | | | |
E 06 —— =~ 97— ~—r - T T T T T T
B | | | | | | | | |
8 | | | | | | | | |
o
055 — —l— — 1 L L1
| | | | | | | | |
| | | | | | | | |
| | | | | | | | |
05 T T T 1 T T T 1 T
| | | | | | | | |
| | | | | | | | |
0.45 | | | | I | I | I
0.5 1 15 2 25 3 3.5 4 4.5 5

time (s)

Fig. 9. Variation of coordinates of center of mass of link A with time

As indicated in fig. 10, the component of angular
momentum is constant with time because of constant source of
flow imposed on the link G and because of link G and link A is
in meshing and moving in opposite direction it is negative. The
initial transients who arise due to the sudden imposition of
source of flow gdie down after a brief initial period due to
damping.

Angular momentum, Arm

0.2

T T T T T T T T T
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B i T e e et e el B
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R R e il e e e
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) I Ty}
| | | | | | | | |
| | | | | | | | |

1.2 1 1 | | ! | | 1 !
05 1 15 2 25 3 35 4 45 5

time (s)

Fig. 10. Variation of components of momentum of link A with time.

Link A faces a periodic reaction force in x-direction and y-
direction but with a retarding magnitude (approaches to zero)
shown in fig. 11 (a). The cause behind the resulting curve is
thrust force of rotating link G on link A. As the link A attains
rotational inertia, this thrust changes into torque about z-axis.
Similarly, in fig. 11 (b) initial moments in link A are observed
because of stationary inertia of link A about z-axis, results in
some stress development in the arm. With the link A gaining
momentum, stresses die down and curve approaches to zero.
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components of Reaction Force FA Vs time

X component
y component
z component

Reaction Force(N)

components of Moment MA s time

X component
y component H
z component

Moment(N.m)

Fig. 11. Variation of components of reaction force and moment of link
A with time

C. Link S1 (Sun Gear 1)

Fig. 12 shows the orientation matrix of the lin{ SIR] .

In this case link S1 is fixed, so we do not get any projection of
the tip of the unit vectors of the link S1 on frame 0.

0
&R all columns

N
\
VARY

—
PN o
-7 | ~ 's1
////\ | /\\ ‘\\ )
1 | a1 TN :\\ st
- ~ ~ 0y
o= : R N
L- : )‘ B RN : I
05, ~ ! - ~ ~ |
I 1-"0 I \‘\\: S
ST B A N
ol -7 - ‘ N ‘
N _ ~ | N
| /*/ : | ‘\\l :\\‘
05 _-t | &’/J\\\J N
TR O N
_ > - S~ J
_k SooeTNl A
- |

Fig. 12. Orientation matrix of link S:[,SSF\’] .

Fig. 13 shows the variation of components of the position
vector gr_C51 of the center of the mass of the link S1 with time

which is constant because center of mass of link S1 does not

change its position with the time.

Coordinates of centre of mass Cg, grcsj Vs time
0.51 T T T T T T T T T
: : : : : : X coordinate
| | | | | | Y coordinate
05 o H
| | | | | | Z coordinate
| | | | | | | | |
049 — —l— — 4 L - L1
| | | | | | | | |
— | | | | | | | | |
E sl - o L 1 ____1__]
] | | | | | | | | |
g I I I I I I I I I
Soarb - o4 L1 _1__]
8 | | | | | | | | |
| | | | | | | | |
046l — 4 _ L _ - _ 0 _ 1 _______1__]
| | | | | | | | |
| | | | | | | | |
0.45 | | I | | | | | |
| | | | | | | | |
| | | | | | | | |
0.44 I | I ! | | | I I
0 0.5 1 15 2 25 3 3.5 4 4.5 5
time (s)

Fig. 13. Variation of coordinates of center of mass of link S1 with
time

As link S1 is stationary so we do not get any component of
angular momentum as shown in fig. 14 but because of source of
flow imposed on link G, the initial transients are there which
dies down gradually.

x 10° Angular momentum, Sun Gear 1
5 T T T T T T T T T
| | | | | | [ X ang mom
A — =l — 4 —— —— o — = — —| y ang mom [{
— ! ! ! ! ! ! | Z ang mom
[ZJNN Y T R
5 I I I I I I I I I
- (] B
£ | | | | | | | | |
S S Ay N S R
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S o | | | | | | | | |
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g I T T | i T I | T
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] e R B el e R e e A s
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A — —l— — 4 ——h — — A - — 4 — —F — —— — 4 — —+
| | | | | | | | |
5 1 1 1 1 1 1 1 1
35 4 45 5

Fig. 14. Variation of components of momentum of link S1 with time

Fig. 15 shows the variation of components of reaction force
on center of mass of link S1 w.r.t. time in x-direction and y-
direction with retarding magnitude and approaches to zero
because link S1 is fixed.

components of Reaction Force FSl s time

03 —
Xcomponenl
component
02 ¥ component |]
z component
01 p
zZ
<
g o !
g
©
5
@
£ i
T 01
5
z
02 i
03 i
04 ‘ ‘ P L L
0 0.5 1 15 2 25 3 3.5 4 4.5 5

time

Fig. 15. Variation of components of reaction force of link S1 with
time
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D. Link &2 (Sun Gear 2)
Fig. 16 shows the complete orientation matrix of the link S2
[ «JR]in frame 0. The columns of the orientation matrix

[ <JR] represent the motion of tip of the unit vectors with

respect to a stationary frame 0. Link S2 rotates in x-y plane
about z axis as seen from the inertial frame. So, tip of the unit
vector in x and y direction move in a circular path while the tip
of the unit vector in z direction is a point because it does not
change its orientation.

0
<R all columns

\

S ah

/
°

a
I
-
|
I
G-

Fig. 16. Orientation matrix of link SPSSF\’]

Fig. 17 shows the variation of components of the position
vector 8 I, of the center of the mass of the link S2 with time

which is constant because center of mass of link S2 does not
change its position with the time.

Coordinates of centre of mass Cg, grcs2 V's time
0.57 T T T T T
: : : : : : Xcoordinate
086 - - — T ————7--—F—9-— Y coordinate | |
| | | | | | Z coordinate
0.55 } I | ! A | I | !
| | | | | | | | |
| | | | | | | | |
g0'54777\77'?77\7777777777777\77777’
2 | | | | | | | | |
B 053 — - — L 1L L1 _]
s I I I I I I I I I
38 | | | | | | | | |
S nlai Bt el s e e Bl o e A
| | | | | | | | |
o5 — - L -1 L1
| | | | | | | | |
| | | | | | | | |
05 T 1 T T T T 1 1 T
| | | | | | | | |
0.49 I I I I I I I I I
0.5 1 1.5 2 25 3 35 4 45 5

time (s)

Fig. 17. Variation of coordinates of center of mass of link S2 with
time

Fig. 18 shows the angular momentum of the components.
Link S2 is rotating in x-y plane about the z-axis as seen from the
inertial frame, so we get an angular momentum in z-direction
which is constant because of constant source of flow imposed
onlink G.
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Fig. 18. Variation of components of momentum of link S2 with time

Fig. 19 shows the periodic variation of reaction force in x-
direction and y-direction on center of mass of link S2 because
of link S2 is rotating in x-y plane about z-axis as seen from the
inertial frame. So, there is a component of reaction force in the x
and y-direction with decay in magnitude and becomes to zero
as the link S2 gains its momentum.
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Fig. 19. Variation of components of reaction force of link S2 with

time
E. Link P1 (Planet Gear 1)
Fig. 20 shows the motion of the tip of the unit vectors given

by [ Pf R] indicating changing orientation of the link P1. The

tip of unit vector in x and y direction having two motions or
rotations i.e. one rotation about the axis of axle and second one
is rotation about its own axis as seen from the inertial frame.
And tip of the unit vector in z direction moves in a circular path
as seen from the inertial frame.

0 . .
PiR unit vectors i, j and k

o

L

Fig. 20. Orientation matrix of link Pl ]
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The center of mass of the link P1 is rotating about the z-axis
as seen from the inertial frame. Fig. 21 (a) indicates the variation
of the components of the position vector of center of mass of the
link P1. The z component is constant as the center of mass of
the link P1 is rotating in the x-y plane about the z axis. The
position of the x and y component of the center of mass are
changing with time, so the route traced by center of mass of the
link P1 is a circle, as shown in fig. 21 (b).
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Fig. 21. Variation of coordinates of center of mass of link P1 with
time

The variation of the translational momentum of the link P1
is indicated in fig. 22 (a). The x and y component of the
translational momentum vector vary with time and the z
component is 0, as the link P1 rotates about the z axis.
Transients are observed at the beginning of the plot. These
transients occur due to sudden imposition of the source of flow
on the link G. As observed in the previous plots, the transients
die down after some time and we observe a periodic variation of
the translational momentum. Fig. 22 (b) shows the angular
momentum of the components. Link P1 is rotating about z axis
S0 we get an angular momentum in z direction which is
constant because of constant source of flow on link G. The x
and y component of angular momentum is also there because of
center of mass of link P1 is continuously changing.
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22. Variation of components of momentum of link P1 with time

Fig.

Fig. 23 (a) shows the x and y component of the reaction
force vary with time and the z component is 0, as the center of
mass of link P1 rotates about the z axis. Transients are observed
at the beginning of the plot. These transients occur due to
sudden imposition of the source of flow on the link G which
dies down gradually due to damping. Fig. 23 (b) shows the
component of moment in link P1. Initial transients are present in
all the three directions because of, two motions of link P1.
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Fig. 23. Variation of reaction force and moment of link P1 with time
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F. Link P2 (Planet Gear 2)

Fig. 24 shows the motion of the tip of the unit vectors given
by [ PS R] indicating changing orientation of the link P2. The
tip of unit vector in x and y direction having two motions or
rotations i.e. one rotation about the axis of axle and second one
is rotation about its own axis as seen from the inertial frame.

And tip of the unit vector in z direction moves in a circular path
as seen from the inertial frame.

0 . o
WR unit vectors i, j and k

Fig. 24. Orientation matrix of link PR,,JR]

The center of mass of the link P2 is rotating about the z-axis
as seen from the inertial frame. Fig. 25 (a) indicates the variation
of the components of the position vector of center of mass of the
link P2. The z component is constant as the center of mass of
the link P2 is rotating in the x-y plane about the z axis. The
position of the x and y component of the center of mass are
changing with time, so the route traced by center of mass of the
link P2 is a circle, as shown in fig. 25 (b).
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Fig. 25. Variation of coordinates of center of mass of link P2 with
time

The variation of the translational momentum of the link P2
is indicated in fig. 26 (a). The x and y component of the
translational momentum vector vary with time and the z
component is 0, as the link P2 rotates about the z axis.
Transients are observed at the beginning of the plot. These
transients occur due to sudden imposition of the source of flow
on the link G. As observed in the previous plots, the transients
die down after some time and we observe a periodic variation of
the translational momentum. Fig. 26 (b) shows the angular
momentum of the components. Link P2 is rotating about z axis
so we get an angular momentum in z direction which is a
periodic type. Angular momentum in x and y direction is also
there because of center of mass of link P2 is continuously
changing.
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Angular momentum, Planet Gear 2 point) which moves in all the three directions as seen from the

o T xangmom inertial frame. So the position traced by the poipt &3 it
v ang mom | moves is shown in fig. 28 (b) which depends upon the gear ratio

between the link P1 and link S1.
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Fig. 27 (a) shows the x and y component of the reaction
force vary with time and the z component is 0, as the center of
mass of link P2 rotates about the z axis. Transients are observed
at the beginning of the plot. These transients occur due to
sudden imposition of the source of flow on the link G which
dies down gradually due to damping. Fig. 27 (b) shows the
component of moment in link P2. Initial transients are present in
all the three directions because of, two motions of link P2.
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00 o5 1 1s 2z 25 3 as 4 a5 5 Fig. 29 (a) indicates the variation of coordinates of pgint Q
{me which is an arbitrary point on the link P2 (assuming extreme
€) point) which moves in all the three directions as seen from the
inertial frame. So the position drawn by the poip} & it
5 components of Moment My, s time moves is shown in fig. 29 (b) which depends upon the gear ratio
x component between the link P2 and link S2.
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Fig. 28 (a) indicates the variation of coordinates of pgint Q
which is an arbitrary point on the link P1 (assuming extreme
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G. Link H (Housing)
Fig. 30 shows the orientation matrix of the hoUsifiéR]
express in frame 0. As discussed earlier, the link H is fixed

because a source of ficdgy= E)acting on the 1-junction of the
housing. So, we do not get any projection of unit vectors of
frame H on frame 0.
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Fig. 30. Orientation matrix of link BHOR]

Link H is fixed and is at a constant distance from the inertial

frame of reference in all the three directions as shown in fig. 31.

So, we get a constant line as the time increases i.e.; 0.5 m.
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Fig. 31. Variation of coordinates of center of mass of link H with time

Fig. 32 shows the components of angular momentum of
link H which is constantly reducing. This is due to the constant
value of source of flow imposed on the link G from t = 0. After
some time the components of momentum of the link H goes to
zero or constant because link H is fixed.
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Fig. 32. Variation of components of momentum of link H with time

Fig. 33 (a) shows the components of the reaction force and
fig. 33 (b) shows the component of moment of link H with time
which is almost 0 because the link H is fixed. Transients are
observed at the beginning of the plot. These transients occur due
to sudden imposition of the source of flow on the link G, and
decay due to damping.
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CONCLUSIONS

Dynamics of differential gear train mechanism has been
modeled and simulated using the Bond Graph approach.
Pictorial representation of the dynamics of translation and
rotation for each link of the mechanism in the inertial frame,
representation and handling of constraints at joints, and,
depiction of cause and effect relationships have been explained
in this work. Code for simulation has been directly derived from
the Bond Graph model.

Various simulation results have been obtained and
discussed. These include columns of the orientation matrix of
the links, position of center of mass of links with time, angular
momentum of the links and position of any arbitrary point on
each planet gear as it moves reaction forces and moments of the
links at different locations, which are of interest from the design
perspective. Transient dynamics arising due to sudden loading
have also been effectively captured.
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