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Abstract— Multiple cracks emanating from fasteners and circular and elliptical cracks subjected to simple far field
rectangular plates represent one of the most common fracturetensile loading in the elastic range. For a single and
sources in aircraft structures and automobiles. Due to surface crack no closed-form solution is available, though

complexities in analysis of multiple cracks, many researchers many semi-analytical solutions have emerged.
have studied the damage tolerance analysis of single crack in

rectangular plate, notched and un-notched round bar and thus A number of SIF solutions have been developed for
the effect of crack interaction has been neglected. This paperboth semi elliptical (a/c = 0.2; where "a’ crack length and
present the SIF and interaction behavior of multiple cracks ‘C’ semi major axis of the ellipse) crack front and semi-
which are located in opposite direction in a rectangular bar circular (a/c = 1) crack front in notched and un-notched
subjected to far filed tension loading. Two surface cracks of round bars subjected to both tension and bending loading
same dimensions were introduced in the opposite sides of §1-3]. Generally, a surface crack has been approximated
rectangular bar. The crack depth ratio (a/t) ranging between by a semi-circular, semi-elliptical or straight edge crack in
0.1 and 0.4 was considered with two different crack aspecty bar. The geometry correction factor (Y) used in SIF
ratios (a/C = 0.6 and 10) The crack t|p was meshed with iSO'Calculations (Y = K¢\/T[a) depends on the Crack depth
parametric singular elements to determine the SIF values. The 5tig (a/d), crack aspect ratio (a/c) and the location of the
SIF values of single and multiple cracks are compared to point considered along the crack front (/BIF for three
determine the interaction behaviour of opposite cracks on SIF. dimensional cracked bodies have been evaluated by
Higher SIF values are observed at the crack surface region for theoretical, numerical and experimental methods. While
a circular crack (a/c=1.0) at lower crack depths ((a/) < 0.2 majorit o,f the studies consider through-the—thiékness
whereas the SIF values are higher at the crack middle region crajcksythe SIF problem becomes complex, when there is

for an elliptic crack (a/c = 0.6) irrespective of the crack depth ;
ratios. It is observed that, SIF values are not symmetric with & surface crack. Raju and Newman [4] developed the SIF

crack middle region at higher depths due to additional effect of €quation for a semi elliptical surface crack in a plate from
mode Il and mode Ill fracture. It is also noted that the <3-D finite element analysis and investigated the variation
interaction effect of the growing cracks is more significant at Of SIF at the surface region (B#-1,+1) of the crack.
higher crack depths. The effect is more significant at the crack Shih and Chen [5] studied the SIF for a semi-elliptic
middle region compared to crack surface region. The SIF surface crack in a round bar and observed that, the SIF
values at the middle region of an elliptic crack are higher than increased with an increase in crack depth ratio (a/d), and
circular crack irrespective of crack depth ratios considered in the SIF values decreased with increase of aspect ratio

the present study. _ . . (a/c). A three parameter (‘a’, ‘c’ and‘d’ and location of
Keywords— Iso-parametric element, interaction effect, point along crack profile) relationship for SIF was
crack aspect ratio obtained by numerical curve fitting method. It is noted
. INTRODUCTION that the relationship is limited to mode-I fracture. Cai and

Shin [6] obtained negative SIF values when they used the
In general engineering structures such as, pressughove three parameter approach, possibly due to errors in
vessels, aerospace components and the petro-chemigliection of order of polynomials. Couroneau and Royer
industries, various kinds of cracks occur during servicg7] and Carpinteri [8] determined the SIF for a surface
life because of fatigue loading, welding processcrack in a round bar subjected to constant amplitude
corrosion, or built in material defects. Most of thesetension cyclic load to understand the changeover in crack
cracks propagate into three-dimensional cracks and it mayrofile during fatigue loading and observed a significant
be simplified into 3-D planar cracks for the purpose ofinfluence of crack aspect ratio on crack front evolution.
design and analysis. Usually, for convenience, these 3Beveral numerical simulations have been carried out to
cracks are simplified into semi circular (a/c = 1.0), semiestimate SIF values for a notched round bar. Toribio et al.
elliptical (a/c = 0.2) and straight cracks. The crack tip[9] numerically estimated the mode-l SIF for a cracked
stresses are determined by Stress Intensity Factor (SIFelt subjected to tension and bending loads. Noda and
Because of the complexity of elastic 3D cracked bodiesTakase [10] estimated the SIF values for a V-notched
analytical solution is possible only for single embeddedound bar for various shaped notches. The estimation is
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independent of geometric parameters such as, stress
concentration factor. Guo et al. [11] determined the SIF
values for a semi elliptical surface crack in a notched
tensile round bar for different notch shapes and stress
concentration factors. Their analysis showed that the SIF
values are strongly dependent on the stress concentration
factor, and not on the shape of the notch geometry (U, V
etc). Several researchers have determined SIF for a crack
located in a notched and un-notched round bar. Available
SIF solution of multiple cracks in a rectangular bar is rare Fig. 1b. Meshed model of the rectangular
and many of the researchers have considered the single
crack model to estimate the SIF values. The prime
objectives of the present paper are 2.1 Crack modeling

bar with multiple cracks

1. Determination of SIF for a single and multiple cracks3-D meshed model of the rectangular bar with multiple
in a rectangular bar located in opposite direction andracks is shown in Fig.1b. The region around the crack
subjected to far field tensile loading front was partitioned from the rectangular bar to apply fine

mesh around it (Fig.2a). In the present work, the “Contour

integral evaluation” approach was used to determine the

SIF values around the crack region. The onset of cracking

in quasi-static problems can be studied using contour

3. Determination of interaction behaviour of oppositeintegral evaluation method; however, contour integral
cracks located in a rectangular bar. estimation does not predict the crack growth. Each contour

is a ring of elements surrounding the crack front. Many

contour integral evaluations are possible at each location

2.0 DESCRIPTION OF THE FINITE ELEMENT along the crack front whereas, in the present work three
MODEL contours were created around the crack front as shown in

Fig.2b.
The numerical determination of SIF for cracks located in g

opposite direction in a rectangular bar subjected to far
field loading condition was carried out using ABAQUS ‘ -

Finite Element software. A 3-D rectangular bar with Hmn’ﬁ'n’{{,’,W
surface cracks (Fig. 1a) of same size located in opposite URRTRRRORA
direction was considered for the analysis. The dimensions '
of the rectangular bar are listed below. Two aspect ratios
(a/c) and four crack depth ratios (a/d) were considered in
the present work to understand the effect of these
variables on SIF. The meshed model of the rectangular
bar is shown in Fig.1b. Semi minor and major axis ‘a’ and
‘c’ correspond to the crack depth and transverse length of
the crack.

2. Analyze the effect of crack depth ratio (a/d) and
aspect ratios (a/c) on SIF of multiple cracks in
rectangular bar.

Length of the bar 20 mm

Width of the bar 5 mm

Thickness of the bar 5 mm . ,
Aspect ratio (a/c) 0.6, and 1.0 Fig. 2b. Contours around crack region
Crack depth ratio (a/t) 0.1, 0.2,0.3,and 0.4 2.2 Secification of crack front and crack extension

direction

Figure 3a shows the rectangular bar subjected to multiple
cracks located in opposite direction. The crack front is the
region which defines the first contour. The crack front in
the rectangular bar can be considered to be equivalent to
the crack line in three dimensional problems. The
direction of the virtual crackxtension can be specified at
each node along the crack front by specifying either the
normal to the crack plane (n) or by specifying the crack
extension direction. Since the present problem is
Fig. 1a. FE model of the multiple 3-D in nature the crack propagation direction can not be
predicted and thus, normal to the crack plane approach
was used to define the crack extension direction. In most
of the fracture problems, the singularity at the crack tip
should be considered for small strain analysis since it
improves the accuracy of SIF values. To obtain a square

Crack region

cracked rectangular bar
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root singularity, collapsed second order elements are use8l.1 Effect of Crack Depth Ratio (a/d)

To create a 3D crack tip singularity, 20-node brick an
27-node brick elements can be used with a collapsed fa
If all the midface nodes are moved to their quarter point

closest to the crack Iinelﬁ singularity can be modeled. In

glélgure 5 shows the variation of SIF for a semi-circular
gr’ack (Fig.5a) and semi-elliptic (Fig.5b) for different

crack depth ratios (a/t) ranging between 0.6 and 1.0. The
SIF values of circular crack are higher at the crack surface

the present work several contours have been considereglgion compared to middle region at short crack depths
around the crack front region and the top surface of théa/t < 0.3) as shown in Fig. 5a. Normal coordinate system
bar is constrained for all degrees of freedom and a tensiis used to represent the points along the crack front.
load is applied at the bottom surface as shown in Fig. 3b.(P/R, = -1) refers to the left edge of the crack front

whereas (P/?= +1) refers to right edge of the crack.
(P/Ry = 0) refers to middle region of the crack. Higher SIF
values were observed at the crack front middle region for
an elliptic crack (Fig. 5b) irrespective of the crack depth
ratios considered. Thus one can expect higher crack
growth rate at the middle region as the crack depth ratio
increases. Non symmetric SIF distribution is observed for
a semi-circular crack. The non-symmetric distribution is
due to the interaction effect of the growing crack with the
crack depth ratio which increases the additional effect of
mode-II and mode —IlI fracture.

1 Semi-circular crack (a/c) = 1.0
B —0—(a/t)=0.1
s —tr—(a/t) = 0.2
g0 —0—(a/t)= 0.3
ST —0—(a/t) = 0.4
=]
3| B 0.8
E & D,D—Q—D’D‘kn—u
Fig. 3b. FE model with boundary conditions g 07 W
S
3.0 RESULTSAND DISCUSSION 0.6
) ) ) -1.25 -075 -025 025 075 125
SIF estimation of a rectangular bar subjected to . .
multiple cracks located in opposite direction has been Normalized coordinate
carried out using 3-D finite element analysis. Figure 4 ()
shows a good agreement between present SIF values with
results of Raju and Newman [4]. The available SIF Semi-elliptic crack (a/c) = 0.6
solution of Raju and Newman is limited to single crack = 12 —o—(a/9=0.1
model subjected to far field tension loading condition £ 11 —tr—(a/) = 0.2
whereas, in the present work SIF solution multiple cracks £ n° 8;328'2
located in opposite direction has been considered. 3 E . ’
23509
Q -
10 £ o8
a/c)=1.
g 20 _(@/9) : : S o7
'§ 15 S T N R B 0.6
£ -125 -075 -025 025 075 1.25
5 :« TN R i e o — - — o F Normalized coordinate
(]
S N N S S | ) |
2& Fig.5. Effect of crack depth ratio on SIF
E 00
3 0 025 05 075 1 1.25 3.2 Effect of multiple cracks
Normalized coordinate Figure 6 shows the variation of SIF for multiple semi-
=0=Raju and Newman [1979] circular (Fig. 6a) and semi-elliptic (Fig. 6b) cracks located
=0=3D - numerical in opposite direction in a rectangular bar. Two different
crack depth ratios were considered in the range of 0.6 and

Fig. 4. Variation of geometry correction factor

1.0. It is observed that the effect of additional crack is
more pronounced at the middle region of the crack
compared to surface region. As the crack depth ratio
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increases, SIF values are higher at the middle region at
higher crack depths. At lower crack depths, the effect of
additional crack on SIF is higher for circular crack
geometry. Thus one can expect higher crack growth rate
at the middle region of a multiple circular crack.

0.8 Circular crack (a/c) = 1.0
g
= 0.75
o
ES o7
=) Nt
O
> 8 065
[ )
PR
0 &
g 0.6
S -1.25 -0.75 -0.25 0.25 0.75 1.25
&)

Normalized coordinate
ey (3 /t) = 0.2 - multiple crack
e===(a/t) = 0.4 - multiple crack
a=Qu= (2 /t) = 0.2 - single crack
==fy==(a/t) = 0.4 - single crack

@)
16 Elliptic crack (a/c) = 0.6
- 15 =tr—(a/t) = 0.2 - double crack
e 14 === (a/t) = 0.4 - double crack
g 1.3 === (a/t) = 0.2 - single crack
E 81_2 =ty (a/t) = 0.4 - single crack
Q511
£35S,
0 &
£ 09
g os
& k
0.7
0.6
-1.25 -075 -025 025 0.75 1.25
Normalized coordinate
(b)

Fig.6. SIF variation for multiple cracks

3.3 Effect of crack aspect ratio

Figure7 shows the effect of crack aspect ratio (a/c) on SIF
for a rectangular bar subjected to far-field loading
condition. Aspect ratios of 0.6 and 1.0 were considered in
the present work and the SIF values were measured along
the crack front as shown in the Fig. 7. SIF values of
elliptic crack are higher than circular crack (Fig. 7a to Fig.
7d) for the range of crack depth and aspect ratios
considered in the present work. The effect of aspect ratio
is higher at the middle region of the crack front
irrespective of the crack depth ratios considered and the
effect increases with increasing crack depth ratios. Higher
values of SIF for an elliptic crack suggest higher crack
growth at the middle region of the crack.
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Fig.7. Effect of crack aspect ratio on SIF




3.4 Effect of crack location in a rectangular bar Elliptic crack (a/c) = 0.6
Figure 8 shows the comparison of SIF values for the front 106 -0--(2/t)= 01
and rear sides of the multiple surface cracks in a = 104 —0— (3/1) = 0.2
rectangular bar. It is observed that SIF values at the S -0=-(3/1)= 0.3
middle region are independent of number of cracks as |& 192 === (a/t)= 04
shown in Figures 8a and 8b. The interaction of surface | § A~
crack increases with crack depth ratio at the surface S 1.00 ()
region. Higher SIF values are observed for multiple cracks & :af'o':&'
in a rectangular bar compared to single cracked bar. As | £ 098 A
the number of cracks in a bar reduces the stiffness, SIF
values are observed to be higher for a member with 0.96
multiple cracks. -1.25 -075 -025 0.25 0.75 1.25
(a/t) = 0.1 and (a/c) = 0.6 Normalized coordinate
e ¢ (@)
s —0=front crack
£ 09 =O—rear crack Circular crack (a/c) = 1.0
3T 1.06 A
5§ 08 -0--(a/t)=0.1 g
T & = 104 —O—(a/)=02 '
E 0.7 s -Q==(a/t)=0.3 ]
8 S 102 --=-(a/)=04 P
0.6 S 7 atl
-125 -075 -025 025 075 125 T 100 D.QME
- o < . Y o ™ \
Normalized coordinate B b
= 098
(a)
0.96
(a/0)= 0.1 and (a/c) = 1 125 -075 -025 025 075 125
= 00 Normalized coordinate
2 === front crack b
o 0.68 ={=rear crack . - (b) . .
S Fig. 9. Variation of crack interaction factor
S T 066
>
s E 0.64 The interaction factors of semi- elliptic cracks for various
£ crack depths are listed in Table.1. Table.2 provides the
S 062 interaction factors for a semi-circular crack. Thus one can
© use the interaction table while determining the SIF for a
0.60 multiple cracked bodies.
-1.25 -0.75 -025 025 0.75 125 . L _
Normalized coordinate Table 1. Interaction factor for elliptic crack (a/c = 0.6)
b Location (alt)
_ ~(b) (PIRy) - =
Fig. 8. SIF variation along the crack front 0.1 0.2 0.3 0.4
-1 0.995: 1.000¢ 0.997: | 0.994¢

3.5 Effect of crack interaction on SIF

. . ) ) -0.7¢ 0.986¢ 1.000¢ 0.992¢ | 0.992¢
Figure 9 shows the interaction effect of opposite

cracks in a rectangular plate subjected to semi- circular -0.£ 0.980¢ 1.001: | 0.991: | 0.982:
(Fig.9a) and semi-elliptic cracks (Fig.9b) for various crack——=—; ;
depth ratios. The interaction factor is calculated by the 0.2¢ 0.990¢ 1.001« 0.995. | 0.977:

relation 0 1.003t 1.000( 1.000¢ | 1.000¢
Interaction factor = I; /Ky, mmmemmmeeeeee- (1) 0.2¢ 1.013° 1.000C | 1.008: | 1.000(
Where K ;— mode | SIF for the front face crack 0.5 1.000( 0.999¢ 1.005( | 1.012¢

Ki2 _ mode | SIF for the rear face crack 0.7t 1.007: | 0.999¢ | 1.002¢ | 1.008¢

It is observed that the interaction effect is more significanft 1 0.999¢ 1.000( 0.999 | 1.002(

at higher crack depth ratios.
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Table 2. Interaction factor for an elliptic crack (a/c = 0.6) cylindrical rod”, International journal of fatigue, 27, 801-809,

2005.
Location (at) [7] N. Couroneau, and J. Royer, “Simplified model for the
P/P. fatigue growth analysis of surface cracks in round bars under
(PIR) > 2 . :
0.1 0.2 0.2 0.4 mode I", International Journal of Fatigue, 20, 711-718,
1998.
-1 1.000¢ 1.000¢ 1.000: 1.000¢ [8] J. Toribio, V. Sanchez-Galvez, M.A. Assize, and J.M.
_ _ _ Campos , “Stress intensity factor solutions for a cracked bolt
-0.7¢ 0.999: 1.000C | 0.994° | 1.001: under tension bending and residual stress loading”,
- - International Journal of Engineering Fracture Mechanics,
-0.E 0.998¢ 0.999¢ 0.997: 0.999: 39, 359-371, 1991.
- - [9] Noda N.A, and Y. Takase, “Generalized Stress Intensity
-0.2t 0.994¢ 1.000¢ 1.000: 0.997: Factors of V-shaped notch in a round bar under torsion,
= - tension, and bending'nternational Journal of Engineering
0 1.000 1.001¢ | 1.000C | 1.000( Fracture Mechanics, 70, 1447-1466, 2003.
- [10] Guo, W.H. Shen, and H. Li, “Stress Intensity Factors for
0.2t 0.996. 1.000( 1.000( 1.001¢ elliptical surface cracks in round Bars with different Stress
3 - 7 concentration coefficient’|nternational Journal of Fatigue,
0.t 1.001( 0.999¢ 1.002° | 1.001: 25, 733-741, 2003.
T ; ; T [11] Guo, W.H. Shen, and H. Li, “Stress Intensity Factors for
0.7¢ 1.007¢ 1.001: 1.016¢ 0.996: elliptical surface cracks in round Bars with different Stress
p = concentration coefficientinternational Journal of Fatigue,
1 1.005; | 0.9987 | 0.983( | 1.056( 58 73BeaT 2008,

4.0 CONCLUSIONS

SIF of multiple cracks located in opposite direction in a
rectangular plate subjected to far field loading condition
has been determined numerically. The comparison of SIF
values for a single and multiple cracks reveals the
following conclusions.

1. SIF values are higher for semi-elliptic crack than
semi-circular crack irrespective of the crack depth
ratios considered. Thus one can expect higher crack
growth rate at the middle region of a semi-elliptic
crack compared with semi-circular crack

2. As the aspect ratio increases SIF values decreases
considerably along the crack front. This is due to
curvature effect of the surface cracks with increasing
aspect ratios

3. The interaction effect of opposite cracks is marginal
at the middle region of the crack front whereas at the
crack surface region the interaction effect is more
significant.

4. The effect of interaction effect increases with crack
depth ratio and it is higher for the deep cracks.
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