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Abstace Mininizing the potenial energy of satcaly ., T8, DSRG0S e
balanced linkage eases the asse!’”b'y of the palancing SPINGS oo RINGS AND AUXILIARY BODIES ARE SHOWN IN GREY COLORWHILE
and reduces the loads experienced by the constituent origiNAL LOADS AND BODIES ARE SHOWN IN BLACK
members. Current techniques for statically balancing a Balancing using Balancing using spring loads
linkage using only springs and no auxiliary bodies have free gravity loads
parameters to be chosen by the designer. We present a
technique that utilizes these free parameters to impose
additional conditions that make the potential energy not just
constant in all configurations but also a minimum among all
possible design alternatives. The conditions required for
minimum potential energy for a statically balanced lever and .
a statically balanced planar 2-R linkage are derived in this (b)

paper. These results are then generalized for any planar | (c) With auxiliary | (d) Without auxiliary
linkage by noting that the lower bound for the balanced bodies bodies

potential energy is equal to the maximum external work

among all possible configurations. Two practical examples @)

that use Peaucellier-Lipkin and scissors linkages are
included to exemplify the method.

%

Between the two options of using auxiliary bodies or
not, static balancing without any auxiliary bodies is

Static balancing of a linkage is the addition of advantageous as it reduces the number of bodies and
compensating gravity loads and/or spring loads so that thgmplifies the linkage albeit adding extra springs. In
linkage is in static equilibrium in all its configurations; general, the weight of the auxiliary body is more than that
i.e., its potential energy is the same in all theof a spring. Hence, the ideal design that does not take into
configurations of the linkage. As shown in Table 1,account the weight of the balancing entities is likely to be
gravity loads acting on a linkage can be balanced bygjoser to reality in practice if auxiliary bodies are avoided.
adding either gravity loads or spring loads. Furthermore, the auxiliary bodies might change the

kinematics of the original mechanism.

Static balancing of a linkage under gravity loads by the
addition of compensating gravity loads/counterweights On the other hand, the disadvantage of using only
(case (a) in Table 1) is well known and has beerprings and no auxiliary bodies is that the spring forces of
addressed by many researchers (e.g., [1] and [2]). fne balancing springs might become very high. These high
review of these techniques is given in [3]. On the othegpring forces might require modification of the
hand, as shown in case (b) in Table 1, using zero-freqtimensions of the members of the linkage to withstand
length springs for balancing gravity loads is relativelyhigh spring forces. High spring forces may also require
new. Zero-free-length springs are different from theincreased effort during the assembly of the balancing
normal springs because they have zero length between tBgrings. Furthermore, the damage caused in the event of
two connection points when the spring force is zerofajlure of any of the balancing springs will be more severe
Practical methods to modify normal springs into zerof the spring forces are high. Therefore, in this paper, we
free-length springs have been demonstrated by Herder [4)resent a technique with which balancing spring loads can
Static balancing by addition of spring loads can be donge kept at the theoretical minimum value. Consequently,
with or without addlng auxiliary bodies, as shown in casegne disadvantage of using 0n|y ba|ancing Springs is
(c) and (d) in Table 1. Different methods of balancingovercome as much as it is theoretically possible.
using springs, which add auxiliary bodies are presented in
(5], [6], and [7]. Static balancing by adding spring loads  The balancing technique given in [8], [9], and [11]
without any auxiliary bodies is discussed in [8-11]. involves spring constants and coordinates of the anchor
points of the zero-free-length springs required for the

Keywords—static balancing; zero-free-length  spring;
preload; potential energy
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perfect static balancing of a given linkage. There are free There are three parameters, namély,a, , andh, , to
choices among them because the number of parametgfs chosen by the designer here. But there is only one
exceeds the number of equations governing the constagfation, i.e., (2) to ensure static balance in all
potential energy conditions. Thus, extra parameters can ke sigurations. Therefore, there are two free parameters.
chosen in such a way that the potential energy is not jug{e utilize them to minimize the constant value of the
constant but also minimum among all possible alternativegqiential energy of the balanced system given by (3). On
of the parameters. This enables the designer to reduce tgﬁrtially differentiating the balanced potential energy

balancing spring loads and the loads in the constitueny: en by (3 ith respect t@ and e obtain the
members of the balanced linkage. First, we illustrate thi W . y @) w P @* b(_’ W ) I
ollowing necessary condition which defines the

ith the simplest example of a pivoted crank carryin
\(,:vclmstant Icl)acﬁ) xamp PV ying stationary points ofPE :
a, = b, (4)

Static balancing of gravity load by a spring load wasFor checking the sufficient condition, consider the
first proposed by Lucien Lacoste [12] for making aHessian of the potential energy functidH,(PE), given
pendulum of enhanced time period. As shown in Fig. 1, %y 3):

lever under the action of gravity load/ acting at the

point p:[l o]T in the local coordinate system of the V\/I&3 \M?(__g'_in

lever is balanced by a zero-free-length spring of spring H(PE): & by 3, )
constant,k . The fixed anchor point of the spring in the M(—_l_ij W

global reference frame ib=[0 b,]" while the anchor 2B & by

point on the lever in the local reference frame of the levelt may be verified that the determinant of the Hessian for
both the conditions implied in (4) is zero.

isa=[a, 0. _
detH @ +a,))= 0 (6)
h il fth ol hi hIt may also be checked that, at the stationary point
. e potentia energy o the spring-lever system, whic a,=h,, the Hessian is positive semi-definite as its
includes a part that is due to the lodE() and the other ]
t that is due to the spring’E, ), is given b eigenvalues are:
par pring ), 1S gven by A=0ands, = 4/, 7)
PE = PE, + PE,
=W sin8+5((a& 0039)2 +(a, sirﬁ—q()z) (1)  On the other hand, at the stationary pomt=-b,, the
K 2 Hessian is negative semi-definite as its eigenvalues are:
_ 2 2 H
=5 (@ +07)+ (W —ka by )sing A=0 anouzz—yaf (8)
For static balancing, the potential energy given by (1
must be independent of the configuration variabfe,
This can be achieved by equating the coefficiensio
term to zero:

}-Ience, the minimum value of the constant potential
energy occurs at the critical poind, =b, and this
minimum potential energy is given by

W -kah, =0 PE, =W 9)
k= ﬂ (2)
ah, A surface plot of the potential energy given by (3) as a
The constant potential energy of the statically balancefinction of & and b, is shown in Fig. 2. We can see
system is then given by from Fig. 2 that the potential energy is minimum for the
W _W(a b points corresponding t@, =h,. This corresponds to an
PE = 2ah, (a§+w)_?(g+gj (3)  entire set, which is a valley of minima along the line

a, =b, inthea, —b, plane.

Fig. 1. Static balancing of lever under gravity load. x
Fig. 2. Surface plot of potential energy \&.and b, .
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It may be noticed that the value of the minimum
potential energy given by (9) is equal to the maximum
value of the potential energy due to the gravity load
among all possible configurations, i.e9,=0° to 360.
The potential energy due to the gravity load is maximum

when 8=90". In this configuration, the strain energy is
equal to zero by virtue of (4).

In fact, the result that minimum balanced potential
energy being equal to maximum potential energy due to
the gravity loads is not surprising. This is because making
strain _energy as low as p035|ble_|s the alm here bec_:aulsfa. 3. Minimization of/the potential energy of a statically balanced lever.
potential energy due to the loads is what it is for the given ] o
mechanism dimensions and the load. The lowest possible The potential energy of the system is given by

value of the strain energy in this case happens to be zero. PE = PE, + PE,
From the first row of (1), we get K, . bZ +b?
PE, = PE - PE, (10) S@ *a +b+hy) (12)
Since, strain energy is always positive, we can infer that =<+k(-ab, —ab,)cosd +{W sing}
PE-PE =0 (11) +k(-a b, +ab,)sing
= PE > PE,

From (11), we can see that the minimum value of The potential energy of the system given in (12) can be

potential energy of the system is at best equal t0 g, iwen a5 a linear combination of the terms involving
maximum value of the potential energy due to the gravityging  cosg and 1. whered is the angle made by the

loads. Henceif the strain energy corresponds to zero in lever with thex-axis. If the coefficients ofsind and

igi;gg{'gg{:;'tp; gr:ermxcl)gywr'?\e?jxft?]ael ‘?ft:;' r:.‘ﬁ.”mthrﬁ cosf terms become equal to zero, then the net potential
P ' ¥ ! 9 nimd energy becomes invariant to the configuration variaBle,

for'the.g|vgn linkage undq gra.lwtyloads.. We use th|§ asa Hence, the conditions required for static balancing of the
guideline in the generalizations considered in this papei,, or are given by

The rest of the paper is organized as follows. ab, +ah, =0 (13)

The method used for minimizing the preload in the W +k(—axb( +aybx):O (14)

spring of statically balanced linkage is presented inygre we have parametera,( b, , b,, b,, and k) that

Section 2. Th_e conditions for minimum potential €NeTYyefine the spring and these are governed by two equations,
for a generalized lever and a 2R linkage under gravit

load are derived in this section. In Section 3, it is showxm) and (14). Let us ex'?res*v and k- in terms of the
through practical examples of a four-bar linkage and &ther three parameters using (13) and (14).

Peaucellier-Lipkin linkage that the method developed in __ab, (15)
Section 2 can be directly used to obtain the balancing b,

spring parameters for minimum potential energy of other Wb,

statically balanced linkages. Static balancing of a scissors k= (16)
mechanism using a zero-free-length spring and a finite- ax(b>2( +Q§)

free-length spring is shown in Section 4 along with therpis gives us the freedom to chooag, b, , and b, in
condition for minimum poFentiaI energy. Summarizationsuch a way that the system has minimum potential energy.
of the method and conclusions are in Section 5. In view of (15) and (16), the potential energy of the system

given by (12) can be simplified as
[I.  METHOD FOR MINIMIZING SPRING PRELOAD IN

STATICALLY BALANCED LINKAGES W
e = ()

A. Generalized Lever ) 2_aXbV ] ) .
In this problem, as can be seen in Fig. 3, there are ﬁv\é/hlch happens to be identical to the expression of potential

. . energy in (3). It is worth noting th&E in (17) does not
spring parameters, namely, the spring constintjocal d d ob.. . Furth in (4 d th b i
coordinates of the anchor point on the lever, epend onb, . Furthermore, as in (4) an € subsequen

a=[a, ay]T, and global coordinates of the fixed anchordiscussiona, =b, gives a valley of minima oPE in this
case too. The minimizing condition given by

= (18)
the global reference frame He=[0 -W]" and its point transforms (15) and (fg) t?

of action in the local coordinate system of the lever be
p - [l O]T . a, = _bX (19)

17)

point, b =[b, b,]". Letthe constant force with respect to
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W In this example, we need three springs for static
k:m (20) balancing [9] and since each spring has five parameters,
X we have a total of 15 spring parameters to choose. For
Thus, we are still left with two free choices amomg a,,  simplifying the analysis, the coordinates and b, of all

b, b, andk and the remaining three can be calculatedhe springs are taken to be equal to zero. This leaves us
using (18) - (20). with a total of nine parameters to choose and the potential
energy of the system is given by (21). We can obtain the
Equations (18) and (19) can be geometricallyconditions required for static balancing by equating the
interpreted as follows. First, it can be noted that the straipgefficients of sing,, sing, and cog(§, -6,) to zero.
energy of this system is zero whéw 90’ . As mentioned
earlier, this is also the configuration with maximum

potential energy due to the constant load. Thué,a8(’,

Hence, the conditions required for static balancing are
given by

the length of the spring is zero implying that the two _ _ -
anchor points of the spring coincide. Consequently, by WP ~ kb, —kady =0 (22)
transformation of the coordinates of poatfrom the local koa, +ka ;=0 (23)

coordinate system of the lever to the global coordinate  Wp,, —kab,,+I(W,~k}, ,~kh, ) =0 (24)

system gives the coordinates of point Here, we are free As already mentioned, we have nine parameters to choose

to choos.e the Coordinf';\tes of poiat since we have 'two which are governed by three equations, (22-24). So, we
free choices. The spring constant can be determined bc%m expressk,, k,, and k, in terms of the other six
i i 3

substituting values o andb in the (14).
parametersg, ,b,,,a,,,b,,,3,;, andb) using (22-24).

Having noted some features of the solution, we attempt “W, p,b, W, p,b,
to generalize this to a 2R linkage and others. W, p,, +W,l +I[ e J
. _ a, (h{z _QKS) ax3(bvz_bV3)
B. 2R Linkage k = ab, (25)
Consider a 2R linkage shown in Fig. 4. Quantitees W, p !
b., k, f., and p, denote the same quantities as in the k, =—F222— (26)
oK i a ’ axz(b(z _b(3)

generalized lever of Fig. 3 except that now a subscript is
added to indicate the numberof the body starting from =2 X2
the fixed pivot. For simplification, first we consider the axs(h«z‘h«s)
case where they -coordinate of the poinp, in the local In view of the (25-27), the potential energy of the
reference frame of body 1 to be zero, i.e., the ppjnies  Statically balanced 2R linkage is given by

on the line joining the fixed pivot and the joint between Wp, W _,_{ “Wphy, + Wn L, J

_WZ px2 (27)

bodies 1 and 2. Alsog, and 8, denote the angle of the a,(k,hs) asb by
bodies 1 and 2 with respect to the-axis of the global 23,03,
coordinate system.

Y + WP (aiz +tfz+| 2)_ Wiz (333+b53+| 2)
Zaxz(b(z_b(S) 2%3(@2_@3)

To minimize the constant value of the potential energy of
the balanced system given by (28), we partially
differentiate it with respect ta,,b,,a,,,b,,,a,, and

& +7) (28)

b,, . This gives us the necessary conditions for minimum
potential energy.

X a,=b, (29
: a,, =h,, I (30)
a,=b;-I (31)

Substitution of thePE -minimizing conditions given by
(29-31) into (25-27) gives the remaining spring
parameters required for minimum potential energy.

Fig. 4. Minimization of the potential energy of a simplified 2R linkage.

(o) + 12 (a + bl +17) 2 (b, 417)
—_ —_ 2 — — 2 —_ 1 2 (Vvlpx1+W2|)Sin01
PE_PES+PEC_ + klaxlu(l kz'h(z kJQ(S)Smel + +W. siné (21)
+(K,ah,, —Ka b, o) sing,+ (kla, ;+k la, Jcos(6 -6 ) 2P 51N
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W2 p><2

k, = 32
(B 1)(bB) 2
- _Vv2p><2 33
“ (b‘(a_l)(h/z_b(z) 59
— Vvlpxl +W2| +l (_kZQQ - k3b(3)
kl axlb(l (34)

In this case too, as anticipated, the minimum potential
energy corresponds to zero strain energy in the
configuration of maximum potential energy due to

constant loads, ie., atf =6,=90°. Thus, at x

6 =6, =90°, the length of all the three balancing springs

are equal to zero implying tha coincides withb, for

all the balancing springs. Hence, instead of obtaining th&ig. 5. General configuration of gravity loaded 2R linkage.
minimization conditions by partially differentiating (28)

with respect to the free variables, we can obtain (29-31) In this case also, we need three springs for static
by choosing any value foa,,a,,, and a, and then at balancing [9] and so, we have 15 spring parameters to be

6,=8,=90° transforming the coordinates @f from the determined. Let us assume the coordinajeof all the

local dinat t f th b to the glob
ocal toordinate systems ot the members 1o the gio and the potential energy of the system is given by (36).

coordinate system to obtain the coordinatesbpf The " . . . i
] ) T Therefore, the conditions required for static balancing are:
spring constants can be obtained by substituting values of

a, andb, in (22-24). W, p,, —ka b ,—ka b ;=0 (37)

Now, we drive the conditions for minimum potential T (38)
energy for a 2R linkage when the centre of gravity of k8, +ka ;=0 (39)
body 1 does not lie on the line joining the fixed pivot and Wp,—kahb, +I (Wz_kzbﬂf —kh, 3) =0 (40)
the joint between bodies 1 and 2. This corresponds to a _
general case of 2R linkage without any simplifying WPy, ~ k@b + 1 (~kpy =k J =0 (41)
assumptions as shown in Fig. 5. In this case, minimization
of potential energy subjected to static balancingFor minimum potential energy, the springs have to be
constraints as done for lever and simplified 2R earlieattached to the 2R linkage in such a way that the strain
results in long expressions, which are difficult to beenergy of all the balancing springs are zero in the
simplified into closed form solutions. Hence, we attachconfiguration of maximum external work, i.e., when
the springs in such a way that their extension is zero in th€, =90° and the first body is at anglé, given by (35).
conﬁguratlo_n of maximum external work to obtain the_This can occur only if the anchor poiras coincide with
corresponding  spring parameters, because thi ) ) i i i
arrangement corresponds to global minimum for the®i for all the springs in this configuration. Therefore,
potential energy as proved earlier. choosing any value fom,,,a,,, and a,, and then in the

configuration corresponding td, given by (35) and

The x-axis of the local coordinate system Of thg g, =90°, transforming the coordinates of, from the
second body can be taken as along the line joining its '

centre of gravity and the joint with first body without any I0c@l coordinate system of the bodies to the global
loss of generality. External work due to the gravity loadscoordinate system, we obtain the coordinatedof The
will be maximum when the second body is at 90° withcoordinates ob, obtained are given by

aprings as zero. This leaves us with 12 spring parameters

respect to the global coordinate system, &7 90° and b, =a,sind (42)
the first body is at the anglé, which is given by: b,, = &, cosd (43)
Hl = tan? (Vvl P +W%/ ) (35) bxz = bx3 = cosd (44)
lpyl
kl 2 + 2 2 k2 2 2 2 2 k3 2 2 2 2
= bs. + +-= +b,,+b +]°)+ = +b;.+h’, +I
2 (axl X1 h(l) 2 (axz X2 b(z ) 2 (axs X3 h(s ) (Vvlel +W2I)sin6?1

PE = PE, +PE, = +(_k1ax1b\(1_k2|t\(2_k4b\( 3)Sin31+(_k§x bokal ;Sing 2 +{+W,p,,sing, (36)
+(_klax1b><1_k2|b>< .~ kiby 3)C0391+(_ké1x b kg by )COSH 2 +W, p,, cosf,
+(kla,, +kja,,)cos(6,-6,)
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b(z =a, +|sin@ (45) TABLE Il. NUMBER OF FREE CHOICES AVAILABLE
AMONG THE SPRING PARAMETERS FOR A STATICALLY

bys =8, +1sing (46) BALANCED LINKAGE WITH MINIMUM POTENTIAL ENERGY
By substituting (42-46) in the static balancing equationcN T No o T No ofspring | No. of baianc -

H _ H 0. O 0.0 . 0. Of balancing ree
given by (37-41), we get the spring constants of the .. springs | parameters equations parameters
balancing springs. (N) | (2n-1) | 5(2n-1) (4N -2) (4N -2)

k = W, p,, (47) 1 1 5 2 2
2
& (axz - ax3) 2 3 15 6 6
3 5 25 10 10
k, - WP, (48) 4 7 35 14 14
g (axz - ax3)
[ll.  PRACTICAL EXAMPLES
ij_pyl + IVVZ pxszz .
k= a,a,, (49) A. Four-bar Linkage
a’, cosd We can obtain the conditions for minimum potential

energy for a four-bar linkage under gravity loads by
We can reduce the number of balancing springs to the'aX"."g one of the joint constraints and considering it asa
it we equate the spring constakit given b g49p togzero combination of a lever and a 2R linkage. We have derived
) q pring akt g y (_ ) " the conditions for minimum potential energy for both the
This will reduce the number of free variables to twolever and the 2R linkage in section 2. Combining these
because eithem,, or a, has to be obtained from the with the static balancing conditions, we can carry out the

following equation. static balancing of the four-bar linkage with minimum
IW, p, b potential energy. The four-bar linkage with the centers of
Vleyl‘*M gravity and gravity loads acting on each body is shown in
axza‘3 - 0 F|g 6
a’, cosd (50)

W.o_b In Fig. 6, W, W, and W, are equal to 10, 20 and 10 N
= a,a, :$ respectively andp,,, p,,, P,,and p,, are 1, 0.5, 2 and
i i ek i 0.5 m respectively. Relaxing the revolute joint between
For balancing a 2R linkage shown in Fig. 5 with only twop,qies 2 and 3, we consider the bodies 1 and 2 as a 2R
springs, the balancing spring parameters have to satisn,hkage and body 3 as a lever as shown in Fig. 7
(44) — (48) and (50). o
. . . . . For balancing the 2R linkage shown in Fig. 7, we have
It is shown in [9] that if a linkage consists 0 4 attach three balancing springs. The spring parameters
bodies (without counting the ground body) and with onlyare given by (42-49). As already mentioned in section 3,
one body pivoted to the ground, then for static balancingye have three free choices available in this case. Using
we need to attach one spring to the body pivoted to thge same notation for spring parameters as in the previous
ground and two springs to all the other bodies. Also, thes(iection we assunge, =1 m, a, =2 manda, =-2 m
] 1 1 2 3 )

springs should satisfy two equations for the body pivote h . . i btained b teri
to the ground and four equations each for all the othe € remaining spring parameters are obtained by entering

bodies. Therefore, for a linkage consisting Nf bodies, e values ofa,, a,, and &, in (42-49). The values

we need(2N _1) balancing springs, which are governed obtained for the coordinates of the fixed anchor points and
' spring constants of the balancing springs éxg:=0.124

by (4N-2) balancing equations. Each spring has f|vem, b,, =0.9923 m, by, =b,, =0.1861 m, b, = 3.4884
parameters, therefore f0(2N—1) springs, we have |, b, =-0.511€ m, k,=5 N/m, k,=5 N/m, and
5(2N —]) parameters. For minimum potential energy ofk1 =17.81 N/m.

the balanced linkage, we have to impose additiona
conditions of zero strain energy for each spring.
Therefore, further (2N-1) equations will be added.
Hence, for static balancing with minimum potential
energy of a linkage withN bodies, the number of free
choices arg4N-2) (=5(2N-1)- (4N - 2 (N-1).
This implies that the designer will hay@N - 2) free
choices even after obtaining minimum potential energy, Y

for the statically balanced linkage. This is shown in Table
2 for different values oN .

Fig. 6. Four-bar linkage under gravity loads.
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midpoint of bodies 4 and 5 respectively can be transferred
to the joints at both the ends and can be considered to be
acting on bodies 1, 2, and 3 as shown in Fig. 10. Hence,
the 3R linkage can be reduced to a lever under gravity
load and can be balanced using only one spring. The two
2R linkages have the same geometry and magnitude of
gravity loads. Hence, the balancing spring parameters
calculated for one of them can be used for either of them.

For the balancing of body 1, we use the conditions
obtained for the lever given by (18-20). Assuming
a,=0.2 manda, =0 m, we obtain remaining spring

Fig. 7. Four-bar linkage broken into a 2R linkage and a lever, which argarameters ashy, = 0'2_ m, by, = O.m’ and k, =45.88
balanced separately. N/m. Now, for balancing the 2R linkage formed by the
bodies 2 and 6, we use the conditions obtained for the 2R
Now, for balancing body 3 shown in Fig. 7, we have tolinkage in (29-34). To further reduce the number of
attach one balancing spring and the spring parameters waprings, we can rearrange (24) to write
be given by (18-20). In this case, we have two free choice W p,, +W,| +I (—|<2b(2 _ksb(s) =kap,, (51)
and therefore, we assungg, =0.5m anda, =0m. The

values obtained for the coordinates of the fixed ancho
point and spring constant of the balancing springs are
b,=05m, b,=0m and k, =20N/m. Hence, the

spring parameters obtained above will make the potentit
energy of the given four-bar linkage not just constant bu
also a minimum among all possible such alternatives
implying the spring preloads are as low as possible.

B. Peaucellier-Lipkin Linkage

We now carry out the static balancing of a Peaucellier-
Lipkin linkage as shown in Fig. 8, so that it can be usedrig. 8. Peaucellier-Lipkin linkage under gravity loads
for the effort-less height adjustment of a writing-board
according to the user’s height. To minimize the effect of
frictional forces, the Peaucellier-Lipkin linkage is used, o
since it can transform rotary motion into perfect straight
line motion without using any linear guide ways. Two
identical Peaucellier-Lipkin linkages, which are mirror
images of each other, are used for the vertical motion of
the writing-board. The board is attached at the joint
between the bodies 6 and 7 as shown in Fig. 9. Static
balancing is done for the weight of the board as well as
the self-weight of each body of the linkage.

Half of the board's weight acting at the joint betweenrig. 9. Two identical Peaucellier-Lipkin linkages used for the vertical
the bodies 6 and 7 and the self weight of each body of thwotion of a writing-board.
mechanism acting at its centre of gravity is shown in Fig-
8. The magnitude of the gravity loads acting on the” 0075
mechanism are: W, =6.88N, W, =W, =11.43N,

W, =W, =4.78N, W, =W, =7.62N, and W, =72.03 N.
Coordinates of the centers of gravity of each body ar
shown in Fig. 9.

The given linkage can be statically balanced by
breaking it into two 2R linkages and one 3R linkage. The
bodies 1, 4, and 5 form the 3R linkage whereas the bodi¢
2 and 6 and bodies 3 and 7 form two 2R linkages. Tt

reduce the numb_er of balancing springs t_hat have to bl{alg. 10. Peaucellier-Lipkin linkage broken into two identical 2R linkages
added, the gravity loadsV, and W, acting at the and alever, which are balanced separately.
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In (51), if the Spring parameters are chosen such thafrABLE 11K POTENTIAL ENERGY OF THE GRAVITY LOADS AND THE
the LHS becomes zero then we can balance the 2R SPRING LOADSACTING ON THESCISSORS MECHANISM AS A LINEAR
. . b ) COMBINATION OF sin8, cos @, sind, cosd , AND 1.
linkage using only two springs. By assumiag, = -a,,,

Terms | Coefficients of PEg Coefficients of PE,
we obtain the remaining balancing spring parameters gds— - 5
k, =k, =33.02N/m, a,=-a,=0.468 m, b,=1218 | sn¢ %az
m, and b,, =0.283 m. As already mentioned, the spring| coge K 2 0
parameters required for balancing the 2R linkage formef sing _2a| am an
by the bodies 3 and 7 is the same as obtained above for ko ga(%+%+—r;5+—26+2m,+2ms)
the 2R linkage formed by the bodies 2 and 6. cosd —k,al,, 0

IV. STATICALLY BALANCED SCISSORS MECHANISM 1 0

The techniques given in the current literature [4-11
use only zero-fr'ee-length springs for static bajancmg. We For static balancing, the potential energy should be
show that a scissors mechanism under gravity loads can

be statically balanced using a zero-free-length spring an@varlant to the configuration variabld. In table 3, the

a finite free-length spring. The attachment of the twopOtentIaI energy (_)f both spr.mg_and.gzrawty loads is
balancing springs is shown in Fig. 11. expressed as a linear combination s’ @, cos @,

singd, cosd, and 1. Now, the potential energy becomes
Let the spring constants of the balancing spring&be invariant of &, only if the coefficients ofsin’ 8, cos 8,

and k, and the free length bk, and l,,. Strain energy sing, and cosf become equal to zero. If the spring
due to the balancing springs is given by constants of the two balancing sprindg, and k, are

k ,3a . a .
PE. = —=(—sind—-—sind -I|
B, = (5 sing - sing-I,, }

k
Sigee,

equal then the coefficients ofin”@ and cos 8 also
become equal. Using the identitgin®@+ cos$éf= "

+ﬁ(acosﬁ— 01, ¥ sin”@ and cos @ can be eliminated from the potential
é Kk (52)  energy expression. This gives the first condition for static
=1la’ sin26'+32a2 cosf-kal,, sirg balancing.

k =k, (54)
For eliminating the sind and cosf terms, their
Let the mass of each body be denotedryywhere the coefficients can be equated to zero, giving the remaining

subscript denotes the bodyas shown in Fig. 10. Centre WO conditions for stati; balar;ing.
of mass is taken as the geometric centre of the bodies. The, 51 +gal M2+ M +2M .96 5 tom |z 0
Nal,o + gal = St 2m, +2m,

k
—kzalzocose+%lfo+zzlio

potential energy due to the gravity loads is given by 2 (55)
a_. a _. 3a . | = ﬂ+ﬂ+3_m5+ﬂ+2 +2
m, —sing+m,— sind+m,— sind + =klo=9 S T Ty Ty e A
PE. =g %a 2 2
m,—-sing+m, 2asing +m, 2 sid |  (53) kal, =0 (56)
=1,=0

- aasing(Te . M, 3my  3m,
- gasm9(7+—2+—2+—2+2m, am) Since, k, and a cannot be zero, to satisfy (5@), must

The potential energy expressions due to both spring load® equal to zero. Hence, spring 2 has to be a zero free
and gravity loads ((52) and (53)) can be presented in kength spring. On the other harlg, has to be non-zero to

tabular column as shown in Table 3. satisfy (55). This implies, that spring 1 is a finite-free-
. R . length spring. Hence, the conditions given by (54-56)
@ ZMD;) (8) 7 ——(acos 8, 2asin ) statically balance the scissors mechanism with the

potential energy of the balanced system given by
PE :%az +%Ifo = E(a2 +17) (57)

The product ofk, and |, as given by (44) is a constant

a <0 3a . o

- - 5088, —sin )
) 0

R o

(0.asinf) LS5, N for given gravity loads. Substituting fd¢ in terms ofl,,
. in (57) gives
= O fcosl-),isinﬁ) c ) 2
@ 5 PE=_ (& +17) (58)
(0,0) 5 (acos8.0) X L . 10 . ..
@ 77477777»—@ X Differentiating (58) with respect tf, gives the condition
Fig. 11. Attaching two springs on the scissors mechanism for statifor minimum potential energy of the system as,
balancing. l,=a (59)
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& 4 { I

the conditions derived for
minimization
including a four-bar
linkage,
demonstrated. An important observation of this work is
that the potential energy of the system that corresponds to
zero strain energy at the configuration of maximum
external work is the global minimum of the net potential
energy for a statically balanced linkage. The main
conclusion of this work is that some free choices remain

lever and 2R linkage,
for different mechanisms,
linkage and Peaucellier-Lipkin
are obtained and a general method

conditions

is

Fig. 12. Scissors mechanism used for the vertical motion of a projector.€ven after minimizing the constant value of the potential
energy of the balanced linkage. Future work will address
The statically balanced scissors mechanism is used f(ow we can use the free choices to make the spring
the effortless height adjustment of a projector. Twoconstants of some springs zero and thereby reduce the
identical scissors mechanism are used for this purpose. pumber of balancing springs. Also to be investigated is
platform is fixed to the body 8 of both the scissorshow the loads in the bodies of the linkage can be reduced
mechanism with the projector placed on the platform a®y judicious choice of the free parameters.

shown in Fig. 12. Static balancing is done for both the
weight of the projector and self weight of all the bodies of
the scissors mechanism. (1]

The variation of potential energy of the statically
balanced scissors mechanism with minimum potential2]
energy is shown in Fig. 13. The variation of external work
due to the gravity loads and strain energy due to th%]
balancing springs is also shown.

18} [4]
16, e
14} gi
-=-External Work [5]
= 12F =-=+-Strain Energy
= 10b — Potential Energy
-
E{J
s gl
= (6]
6 R
ap .
2k & e [7]
G rd 1 1 1 1 1 1 P J
0 10 20 30 40 50 60 70 80 90

Configuration Variable, 6 (in Deg.)
Fig. 13. Variation of the strain energy, external work, and potentiaig]
energy for a statically balanced scissors mechanism.

As shown in Fig. 13, minimum potential energy
corresponds to zero strain energy in the configuration of!
maximum external work. This is consistent with the result
obtained for different linkages earlier.

REFERENCES

D. Zhang, F. Gao, X. Hu, and Z. Gao, 2011, “Static Balancing and
Dynamic Modeling of a Three-Degree-of-Freedom Parallel
Kinematic Manipulator,” IEEE International Conference on
Robotics and Automation (ICRA), pp. 3211-3217.

M. Jean, and C. M. Gosselin, 1996, “Static balancing of planar
parallel manipulators,” Proceedings of 296 IEEE International
Conference on Robotics and Automation.

G. G. Lowen, F. R. Tepper, and R. S. Berkof, 1983, “Balancing of
linkages-an update,” Mechanism and Machine Theory, 18(3), pp.
213-220.

J. L. Herder, 2001, “Energy-free Systems: Theory, conception and
design of statically balanced spring mechanisms,” PhD
dissertation, Delft University of Technology. ISBN 90-370-0192-0.
A. Fattah, and S. K. Agrawal, 2006, “Gravity-Balancing of Classes
of Industrial Robots,” Proceedings of the 2006 IEEE International
Conference on Robotics and Automation, May 15-19, Orlando,
Florida, pp. 2872—-2877.

S. K. Agrawal, and A. Fattah, 2004, “Gravity-Balancing of Spatial
Robotic Manipulators,” Mechanism and Machine Theory, 39(12),
pp. 1331-1344.

T. Rahman, R. Ramanathan, R. Seliktar, and W. Harwin, 1995, “A
Simple Technique to Passively Gravity-Balance Articulated
Mechanisms,” ASME Journal of Mechanical Design, 117(4), pp.
655-658.

S. R. Deepak and G. K. Ananthasuresh, 2009, “Static Balancing of
Spring-Loaded Planar Revolute-Joint Linkages Without Auxiliary
Links,” 14" National Conference on Machines and Mechanisms,
Dec. 17-18, NIT Durgapur, India.

S. R. Deepak and G. K. Ananthasuresh, 2012, “Perfect Static
Balance of Linkages by Addition of Spring but not Auxiliary
Bodies,” ASME Journal of Mechanisms and Robotics, Vol. 4, pp.
021104-1 to 12.

[10] P. Y. Lin, W. B. Shieh, and D. Z. Chen, 2010, “Design of a Gravity-

V. SUMMARY AND CONCLUSIONS

By using the free parameters and other dependeniy)
balancing variables, we make the potential energy not
only constant in all configurations but also a minimum
among all possible design alternatives. The conditions fo[r12]
minimum potential energy for a statically balanced lever
and a statically balanced 2R linkage are obtained. Using

Balanced General Spatial Serial-Type Manipulator,” ASME
Journal of Mechanisms and Robotics, 2, 031003.

S. R. Deepak, and G. K. Ananthasuresh, 2012, “Static Balancing of
a Four-Bar Linkage and Its Cognates,” Mechanism and Machine
Theory, 48(0), pp. 62-80.

L. J. B. LaCoste Jr., 1934, “A new type long period vertical
seismograph,” Journal of Applied Physics, 5(7), pp. 178-180.

Proceedings of theinternational and f6National Conference on Machines and Mechanisms (iNaCoMM2013), IIT Roorkee, India, Dec 18-20 2013

433





