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Abstract—In this paper, we formulate an optimization
problem to synthesize tensegrity structures of desired
shapes. | n particular, we consider class 1 tensegrity where no
two compression elements have a common vertex, by
designating all members in the desired shape a priori as
either a bar in compression or a cable in tension. We solve
static equilibrium equations at the vertices in the desired
configuration subject to constraints on for ce densities, which
are the variables in the synthesis problem. The reason for
using the for ce density, defined asthe force per unit length in
the desired configuration, is twofold: (i) to directly impose
constraints of positive and negative force densitiesin tension
and compression elements, respectively, and (ii) to obtain
free lengths of all the members using the force densities. We
use this method to synthesize a previously known semi-
toroidaltensegrity arch with 24 bars and 102 cables and a
hitherto unknown tensegrity of biconcave shape similar to
that of a red blood cell comprising 24 bars and 112 cables.
We also present static analysis of a tensegrity structure by
minimizing of potential energy with unilateral constraints on
the lengths of the cables, which cannot take compressive
loads. We also extend the method to synthesize a tensegrity
table of desired height and area with three bars and nine
cables under a predefined load. The prototypes of all three
synthesized tensegrities are made and tested.

Keywords—tensegrity;biconcave shape.

. INTRODUCTION

form-findingmethods [6]. They are classified into two
categories: kinematic methods and static methods [6].
Some of the kinematic methods of form-finding
haveanalytical solutions [6]. Such methods are used for
form-finding of prismatic tensegrities where the cable
lengths and the polygon face of the tensegrity prism are
given, using which the lengths of the bars are calculated to
get a stable tensegrity prism. Other kinematic methods use
nonlinear programming [7], by posing a constrained
minimization problem, where connectivity and nodal
points are known a priori and the lengths of the bars are
maximized until a stable structure is obtained. The third
class of kinematic form-finding methodd usesdynamic
relaxation [8] of different forms by varying the positions
of the vertices of the system and solving the equilibrium
equations at each node to find the unbalanced forces
iteratively. The form is modified using the dynamic
equations of motion. Although the kinematic methods
have good convergence properties, they are only effective
when the number of vertices in the structure is low.

Static methods of form-finding are of four types.In the
force density method [9], for given connectivity of a
tensegrity structure, the force density of each of the
members is predefined. The nodal point coordinates are
then calculated for the corresponding force densities that
satisfy static equilibrium. In the analytical solution

Tensegrity structures are made of tension andnethod [10], stable form of a rotationally symmetric
compression elements [1]. The tension elements (cablensegrity (e.g. a tensegrity prism) is found. Here, the
take tensile loads and compressive elements (bars) takedal force-balance is used to arrive at the angles

compressive loads.Tensegrity structures use

internaubtended by the bars for given lengths of cables. In the

preload to assume a stiff and stable equilibrium shapenergy method [11], the form of the tensegrity is found for
under no external loads. Thus, they have applications iwhich the total potential energy is minimum. Here the

deployable devices used for example, in space structurgotential energy of both cables under tension and bars
[2]. Cytoskeleton models based on the concept ofinder compression are considered. In the reduced co-
tensegrity are also used to model the mechanical responseedinate method [12], the bars are considered to be rigid
of biological cells [3]. Tensegrity structures haveand the equilibrium equations pertaining only to the
applications in the field of architecture, where differentcables are formulated with the help of the principle of
types of tensegrity domes and arches are built [4].As theirtual work.

large deformations in a tensegrity are controllable, they

]::Ilr;dssa:e?splIc(:)?tlotnerllrs]er;rﬁ?/tlcs?rrl:z?ur[(Sels" Tf;(leatsia\r:e ?e'zfgrezr;ittthe m_ember eI_ements and _the stiffness proper_ty_of the
structures are structures where ‘n’ bars share a single no aterials are given and we find the form that satisfies the
[1]. We consider class 1 tensegrity structureswith an (aumbrlum equations. It may t_>e noted that for_m—fmdmg
Wit.hout external loads ddressed by these _methods @ravard problem in t_he
' sense that the aim is to obtain a stable tensegrity form
There are different methods to find the equilibriumusing given number of bars and cables and their
state attained by atensegrity structure for giverconnectivity and stiffness properties. The inverse problem
connectivity and stiffness properties of the constituents determining the geometry and force densities to obtain a
bars and cables. These methods are generally known peescribed shape. Form-finding of tensegrity structures

In all the aforementioned methods, the connectivity of
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with desired shape has been addressed by Masic [13], (% - %) f (x —x) f
where the material stiffness properties and connectivity of i BIRCVAFS SR Tk VAFS fle;“
the structure are known a priori. The difference between o 1, '

-3
the coordinates of the vertices of the equilibrium form of =Yooz (M= Ya)fis_ fea )
the tensegrity and the coordinates of the prescribed [ I s Ly
vertices is minimized. The coordinates of the vertices and (z-2)f, (z-2Z)f s _ .o
the force densities are the variables in this problem. This | + I = fLZ
is one of few methods that address the inverse or the -2 3

synthesis problem. In this paper, we synthesize

tensegrity structure of desired shape, where the nod

points known a priori, the connectivity of the elements inelement connecting vertices and j. For ease of

the tensegrity structure is arrived at by considering the £

Maxwell's rule for trusses, and we find the stiffnesscalculation, we denote withd_., where q_. is

properties of bars and cables of the tensegrity structure, i-j ) )

which give the desired form for the tensegrity structure. ¢3jled theforce density, i.e., force per unit length of the
We synthesize a free-standing tensegrity structure (i_eQeformed element. Thus, for the case where external loads

with no external loads) of desired shape by solving thé'® absent, we get:

g\fherefi_]- and l;_; are the internal force and length of an

force density method as an optimization problem with —x (X — X =0

constraints on the force densities. We synthesize the (4 7%)0, 5 (%, = X0y 5

tensegrity structures with external loads, which attain a (V1= ¥Y2)G 2+ (Y1~ Y342 5=0 (2) (2)
predefined geometric constraint (e.g. height) under the (z-2)9,,+(2,-29)q, ;=0

application of the load, in two steps. The first step involves

solving the force densities in an optimization problem to When there ara vertices, there will b@n equations

get the free-standing tensegrity. The second step involves i X
static analysis, where we minimize the potential energy(;?IO be solved inm unknowns, m being the number of

the system under the externally applied loads with glements cor_mecting1 verfcices. The number_ of elements
reduced coordinate system. We use unilateral constraintd & tensegrity structure is selected by using Maxwell's
account for the slack condition of the cables undeP€ atleastas many & -6 for a structure to be just stiff,
compressive loads. We check for the geometric constraitfthich means that it is statically determinate.

and update the tensegrity configuration and repeat the By Maxwell's rule it can be also seen that when

above steps until the geometric constraint is satisfied. W _ : (A
synthesize different desired shapes such as a semi—toroid?a'f> 3n—6, the structure will havem~— (3n- 6)states

arch, biconcave tensegritysimilar to the cytoskeleton of af self-stress (i.e., pre-stress). Similarly whem<3n-6
red blood cell, and a table of desired height under thethe structure will have(3n—6)—minfinitesimal mode

application of a prescribed external load. (i.e., rigid-body degree of freedom as in mechanisms). A
. METHODS structure satisfying. Maxwell’'s rule and h.aving an
] ] ] _infinitesimal mode will also have a corresponding state of
For a free-standing tensegrity to be in staticself.stress or prestress. We choole such that we have
equilibrium, the net forces acting at each vertex should bgertain number of self-stressed elements in our structure.

zero. For this, the internal and external forces in theag the tensegrity we are synthesizing is of class 1, no two
member elements are resolved in the three directions a rs will share a common vertex. Hence the number of

the sum of these resolved forces at each vertexis equat rs in the structure will ben/2. The rest of the

to zero to get three equilibrium equations at each node. . :
The equilibrium equations at vertex 1lin Fig. 1 can beelements will constitute the cables of the structure.

written as: The unknowns in (2) are the force densities
fot 4,.9,.....0, Wwhen we are synthesizing a tensegrity
Ly structure. The resulting equations can be expressed in

matrix form with the help of a connectivity matri .

v
f,2 :
x @ @ - Each row of matrixC represents the connectivity of the
£,2%0,Y2,25) L elements; each element in a particular row describes
Lemre L (x1,Y1,21) whether an element of the tensegrity structure is absent or
R an element begins or ends at that particular ve@téx.an
/ >

X mxn sparse matrix withm”row having value 1 at the
column corresponding to the vertex in which the member
» (X3,Y3,23) element emanates and -1 at the column corresponding to
Fig. 1. A typical compliant mechanism-based cell manipulationthe node in which the element terminates with Othe_r
setup elements of the row equal to zero. The sum of a row in

matrix C should be zero. Thus we have:
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load contribute to the potential energy (iii) the cables can

T 4; —
C diag(CX)q =0 only take tensile load and become slack under

C'diag(CY)q=0 (3) A3) compressive loads. We formulate the static problem as:
. _a1 _ P
C"diag(Cz)q =0 Min — PE= kZzngk(L(gi D~ Lo =~ X Fad(g 1),

whereX,Y and Z are nx1 vectors containing the x, y and —sp[l‘(gi)k—l}
z coordinates of the nodes respectivatjag(CX) is an where S=1+e K

mxm diagonal matrix with vectoiCX constituting it's
diagonal entries. Equation (3) can be solved using singul

value decomposition (SVD), but the resulting structuréilbata KL, F.sp

will be a tensegrity structure only for particularC (5)
matrices where force densities are positive for members oo k andL. are the stiffnesses and free lengths of
designated as cables and negative for those designated as | O ) )

bars. In other case,s although we may get solutions, f@bles in the tensegrity structure, is the length of the

would merely result in trusses rather than a tensegrityar, g, is the generalized coordinates of the tensegrity

structure. The tensegrity structure we solve for will be fructure in terms of the angles made by the bars with
linear combination of the solutions we get. Thus, we nee

to give constraints on the values gf so that the cables atum and final I.engths of some cables(g,.I) and
and bars have positive and negative values doto ~ d(g;.1) are the final lengths of the cables and the

ensure the tensegrity condition. So, we pose the probleffisplacements of the vertices at which the loads act,
as an optimization problem with constraints on therespectively. Both of them are functions of the generalized

unknowngs. coordinates and the lengths of the bars. It may be noted
that S is a smoothing function used to account for the
Min (A -2 force-free slackness condition of the cables. The symbol
q sp is the steepness parameter of the smooth function.
T o
CTd!ag(CX)q o The next step is to find the optimum height of a
where A =|C'diag(CY)q|,f* =0 tensegrity structure which on application of a vertical load
CTdiag(CZ)q attains a desired shape. Equation (4) cannot be solved for
all £ #0 (only a particular combination of the external
) . load vector (**) can be solved) to get a tensegrity
Subject to g < 0 Ui U Ny structure of desired shape. So we pose the problem by
-q <0 0 O Ny imposing constraints on the force densities.
Data C,X,Y,Z,f* N = Npars U Neapes Main f:‘h(a)—h*‘
@) Subject to Mqin (A2
Subjectto g <O i ONp,
whereN is the set of elements on the structure &g is -q <0 0i O Negye
the set of elements that are bars adg,. is the set of
elements that are cables. After finding the force densities Min PE = iiKk(L(& D, —L0)2 =3 F.d(x.]),,
of each of the elements of the tensegrity structure we can X k=128 m=1

find the free length of the individual elements for given

cross-sectional area and Young’s modulus of the material
by fixing any two among the three of free length, cross-
sectional area, and Young's modulus and finding the third

one. We solve the minimization problem using theData

fmincon subroutine in MATLAB [15].

The second type of problem solved involves external

—Sp[ L (%) _1J
where S=1+e k

C,X,Y,Z,f* F,sp,N=N_ . ON

cables

(6)

bars

forces. Here, we aim for the desired shape of thahereK;, L, andl, are found from the output of (4) used

tensegrity under specified external load. The synthesi
procedure for this is explained next.

i (6). h'is the desired height the tensegrity structure
should take under the application of load amds the z

Upon getting the desired structure, static analysis isoordinate of certain vertices of the initial free standing
done by minimization of potential energy approach. Intensegrity. h(a)is the height attained by the tensegrity

static analysis of the tensegrity structure, we mak&yctyre which is a function af. This is also an iterative

undergo any axial deformations or bending (ii) the strai

following assumptions: (i) the bars are rigid and do no’ﬁ
energy of the cables and the work done by the external

rocess where the@ changes until we get the required
eight.
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lll.  RESULTS the optimization problem of (4). Fig. 3(b) shows the
We use (4) to synthesize a previously known semiPrototype made of us_ing wooden pencils and hemp thread.
toroidaltensegrity arch and an unknown tensegrity ofY fitting @ taut triangular plane that replaces two
biconcave shape of the cytoskeleton of a red blood celfénsioned cables and a bar, we can visualize the shape
The semi-toroidaltensegrity arch (see Fig. 2) [16] is etter Fhan_ with the cables and bars. Such a model is
synthesized by first fixing the vertices according to theSNOWn in Fig. 3(c).
height and width of the arch. We take 48 vertices to make We also synthesized a tensegrity table that attains a

the outline of the arch. For a class 1 tensegrity there is n@esired height after application of load. The tensegrity
common vertex for two bars, leading to 24 bars. Theaple is made with three bars and nine cables and has six
connectivity is made such that three of the bars and ningertices. The vertices of the table are selected according to
cables form a unit tensegrity prism. With eight suchthe area needed for the top of the table. The weight of a
prisms we can make the semi-toroidaltensegrity arclylass-top is the load. The heights (thecoordinates) of
having 24 bars and 102 cables. We choose the crosghe first three vertices are selected to be as they rest on the
sectional areas of the bars and cables and the materigound (in x-y plane). The heights of the other three are
(Young's modulus) used to fabricate them. Then, theirandomly chosen for the initial analysis. The load on the
free lengths can be solved using the force densities. Wgble acts vertically down (i.e., in the -direction) at the
solve the optimization problem (4) to get the forcethree top vertices. The deformation of the table under load
densities and then use them to calculate the free lengths @n be seen in the Figs. 4. (@) — (b). The table was
the individual elements. The given data and results argynthesized such that the table has a height of 0.6 m for a
indicated in Tables 1, 2 and 3. The assumed Young'mad of 600 N. Tables 7 contains the coordinates of the
modulus is 9 GPa and 35 GPa; and the area of crosgertices taken as an initial guess. Table 8 contains the
section is 3.85e-5 frand 7.85e-7 ffor bars and cables connectivity data of the elements and the force densities

respectively. and free lengths of the elements obtained after solving the

Synthesis of the biconcave tensegrity (Fig. 3(a))°Plimization problem of (6).
structure also involves the same steps as for the synthesis
of the semi-toroidal arch. The nodal points are fixed on the
surface generated by revolution of a Cassini's oval [17]
corresponding to the size and shape of a red blood cell. We
approximate the biconcave shape with 48 nodal points. We
synthesize the biconcave tensegrity from three eight bar s
tensegrity prisms. By Maxwell's rule, the biconcave
tensegrity to be stiff should have 144 elements.
Considering the symmetry of the biconcave tensegrity we 0s
omit six cables and form the biconcave tensegrity with 24
bars and 112 cables. The connectivity of the elements of
the biconcave tensegrity is assumed here, keeping in mind
the ease of fabrication of such a structure and the
symmetric distribution of the cables and bars. Tables 4 and
5 contain the data given tO the prObIem' Table 6 Coma.l Ig. 2 A semi-toroidaltensegrity arch (blue dashed lines indicate the bars
the computed force densities and free lengths by solving.q e red lines indicate the cables).

TABLE 1. THE X, Y AND Z COORDINATES(IN M) OF THE48 VERTICES USED TO CONSTRUCT THE TENSEGRITY ARCH

SN X Y Y4 SN X Y Z SN X Y Z

1 0.200| 0.050f 0.000 17 -0.093 -0.025 0.425 |33 0.147 0J/046 0.164
2 0.243| -0.025 0.000 18 -0.060 -0.0R5 0.145 |34 0.076 -0,040 0.217
3 0.157| -0.025 0.000 19 -0.141 0.0%0 0.141 |35 0.050 -0,005 0.142
4 0.185| 0.050f{ 0.077 20 -0.172 -0.025 0.472 |36 0.073 0J/046 0.208
5 0.225| -0.025 0.093 21 -0.111 -0.0”5 0.111 |37 -0.013 -0,040 0.229
6 0.145| -0.025 0.060 22 -0.185 0.050 0.g77 |38 -0.008 -0,005 0.150
7 0.141| 0.050| 0.141 283 -0.225 -0.025 0.093 |39 -0p12 0J/046 0.220
8 0.172| -0.025 0.172 24 -0.145 -0.05 0.060 |40 -0..00 -0,040 0.207
9 0.111| -0.025 0.111 2% -0.200 0.050 0.000 |41 -0.p65 -0,005 0.135
10 | 0.077| 0.050] 0.18% 5 -0.243 -0.0p5 0.000 |42 -0/096 0j046 0.199
11| 0.093] -0.025 0.22% 2y -0.137 -0.0p5 0.000 |43 -0,171 -0.040 0.153
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12 | 0.060| -0.025 0.14%5 28 0.207 -0.040 0.100 |44 -0)112 -0.005 0.100
13 | 0.000| 0.050] 0.200 29 0.135 -0.0p5 0.065 |45 -0/164 0j046 0.147
14 | 0.000| -0.025 0.243 30 0.199 0.046 0.096 |46 -0)217 -0.040 0.076
15| 0.000| -0.025 0.15y 31 0.153 -0.040 0.171 |47 -0/142 -0.005 0.050
16 | -0.077] 0.050] 0.18%5 32 0.100 -0.0p5 0.112 |48 -0,208 0j046 0.073

The designed tensegrity models are fabricated andraided stainless steel wire for cables. It is shown in Fig.5
tested. The semi-toroidaltensegrity arch and the biconcay@-b). The table is stable and is currently used in our lab.
tensegrity model of red blood cell are fabricated usingAs the weight of the glass top is nearly 40 kg, any small
wooden cylinders (pencil) and hemp thread (pencils act asbject (up-to a weight of 20 kg) placed on top of it does
bars and the hemp thread act as the cables). The tensegritt disturb the stability of the structure.
table is fabricated using aluminum rods for bars and

TABLE 2. THE CONNECTIVITY OF96 ELEMENTS THAT MAKE THE SEM{TORROIDAL TENSEGRITY ARCH(LAST 24 ELEMENTS(I.E. 103-126)ARE BARS).

SN | Vertex1| Vertex2 SN Vertex{l Vertex2 SN Vertexl Vertex2 |SN VeriJex 1 Vertex 2
1 1 2 33 40 18 65 17 45 96 46 26
2 1 3 34 44 21 66 18 43 or 1 5
3 2 3 35 21 43 67 19 47 98 4
4 29 6 36 43 20 68 20 48 99 3 6
5 6 28 37 20 45 69 21 46 100 47 25
6 28 5 38 45 19 7( 22 27 101 48 26
7 5 30 39 19 47 71 23 26 102 46 27
8 30 4 40 47 24 72 24 25 103 1 28
9 4 29 41 24 46 73 4 104 2 29
10 32 9 42 46 23 74 5 105 3 30
11 9 31 43 23 48 75 3 6 106 4 31
12 31 8 44 48 22 76 29 9 107 5 32
13 8 33 45 22 47 77 30 7 108 6 33
14 33 7 46 26 25 78 28 8 109 7 34
15 7 32 47 25 27 79 32 12 110 8 35

16 35 12 48 27 26 8 33 10 111 9 36

17 12 34 49 1 29 81 31 11 112 10 37

18 34 11 50 2 30 82 35 15 113 11 38

19 11 36 51 3 28 83 36 13 114 12 39

20 36 10 52 4 32 84 34 14 115 13 40

21 10 35 53 5 33 8" 38 18 116 14 41

22 15 38 54 6 31 8¢ 39 16 117 15 42

23 38 13 55 7 35 87 37 17 118 16 43

24 13 39 56 8 36 8§ 41 21 119 17 44

25 39 14 57 9 34 89 42 19 120 18 45

26 14 37 58 10 38 9 40 20 121 19 46

27 37 15 59 11 39 91 44 24 122 20 47

28 18 41 60 12 37 92 45 22 123 21 48

29 41 16 61 13 41 93 43 23 124 22 25

30 16 42 62 14 42 94 47 27 125 23 27

31 42 17 63 15 40 95 48 25 126 24 26

32 17 40 64 16 44
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TABLE 3. THE FORCE DENSITY AND LENGTH OF THE INDIVIDUAL ELEMENTS OF THE SEMTORROIDAL TENSEGRITY ARCH PROTOTYPE

SN | densty| 19| sy | censiy| LS9 sn | qensiy| 179" s | densty Leng
(N/m) (N/m) (N/m) (N/m)
1 0.014 0.086 33 0.035 0.073 65 0.027 0.124 96 0.005 0.090
2 0.017 0.085 34 0.193 0.019 66 0.031 0.109 a7 0.008 0121
3 0.011 0.086 35 0.026 0.073 67 0.027 0.105 98 0.004 0122
4 0.174 0.020 36 0.149 0.022 68 0.006 0.1P6 99 0.015 0.060
5 0.028 0.073 37 0.034] 0.073 69 0.023 0.110 100 0.012 0)067
6 0.201 0.021 38 0.166 0.021 70 0.038 0.0y4 1(1)1 0.002 0)098
7 0.046 0.072 39 0.019 0.074 71 0.009 0.098 1(1)2 0.005 0J120
8 0.204 0.020 40 0.002 0.023 72 0.020 0.066 1(1)3 -0.p36 0J135
9 0.020 0.074 41 0.017 0.074 73 0.014 0.0y7 1(L4 -0.p27 0)128
10 0.228 0.019 42 0.099 0.028 74 0.013 0.0p4 105 -0.036 0[126
11 0.028 0.073 43 0.038 0.073 75 0.015 0.0p0 106 -0.051 0{135
12 0.225 0.021 44 0.111 0.022 76 0.014 0.0p5 107 -0.048 0/128
13 0.050 0.072 45 0.011 0.074 77 0.009 0.073 108 -0.045 0/126
14 0.216 0.020 46 0.009 0.086 78 0.019 0.0B1 109 -0.056 0{135
15 0.020 0.074 47 0.011 0.086 79 0.031 0.0p4 110 -0.055 0/128
16 0.245 0.018 48 0.012 0.086 80 0.018 0.072 111 -0.059 0{127
17 0.032 0.073 49 0.017 0.106 81 0.023 0.0B0 112 -0.060 0{135
18 0.245 0.020 50 0.002 0.096 82 0.023 0.0p4 113 -0.059 0/128
19 0.057 0.072 51 0.019 0.111 83 0.023 0.072 114 -0.060 0{127
20 0.255 0.019 52 0.049 0.103 84 0.023 0.0B0 115 -0.056 0{135
21 0.022 0.074 53 0.012 0.126 85 0.021 0.0p4 116 -0.060 0/128
22 0.235 0.019 54 0.040 0.109 86 0.023 0.072 117 -0.053 0{127
23 0.017 0.074 55 0.051] 0.102 87 0.028 0.0BO 118 -0.043 0{135
24 0.253 0.020 56 0.018 0.12% 88 0.019 0.0p5 119 -0.054 0{128
25 0.059 0.072 57 0.042 0.108 89 0.017 0.012 120 -0.049 0{127
26 0.257 0.020 58 0.057 0.102 90 0.015 0.0B1 121 -0.032 0{135
27 0.031 0.073 59 0.019 0.12% 91 0.012 0.0p5 122 -0.024 0{128
28 0.231 0.019 60 0.049 0.108 92 0.033 0.0r1 123 -0.035 0{126
29 0.015 0.074 61 0.059 0.102 93 0.009 0.0B1 124 -0.021 0{120
30 0.208 0.020 62 0.019 0.12% 94 0.001 0.0B1 125 -0.029 0{126
31 0.044 0.073 63 0.039 0.109 95 0.004 0.118 126 -0.015 0[123
32 0.224 0.021 64 0.048 0.103
-1
(a) i (t

y-axis

Fig. 3. (a) A biconcave tensegrity structure of a red blood cell (blue lines indicate the bars and the red lines indicate the cables). (b) A red blood cell
prototype (scaled up) made with pencil and hemp threads. (c) Solid model of a red blood cell.
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TABLE 4. THE X, Y AND Z COORDINATES(IN M) OF THE48 VERTICES USED TO CONSTRUCT THE TENSEGRITY ARCH

sN| x | v | z [sN] x [ v | z |IsN|] x | ¥ | z
10057 -0362 0| 17 0133 0.184 0.184 B3 -0053 0  0/008
2 10133 0261 0 | 1§ 0.057 0.256 0256 [B4 -0.053 0  -0,008
3 | 0053 0008 0| 19 -0.057 0256 0256 [B5 -0.133 0  -0,261
4 | 0053 0008 0| 29 -0133 0.184 0.1B4 [B6 -0.057 0O  -0.362
50133 0261 0| 21 -0053 0006 0.0p6 [37 0.057 0.256 -0.256
6 | 0057 0362 0| 22 -0.053 -0.006 -0.0088 | 0.133 0.184 -0.184

7 |-0057 0362 0| 23 -0.133 -0.184 -0.1889 | 0.053 0.006 -0.006

8 |-0133 0261 0| 24 -0.057 -0.256 -0.25@0 | 0.053 -0.006 0.00¢

9 |-0.053 0008 0| 29 0057 0000 o k1 0133 -0.184 0184
10 | -0.053 -0.008 0 | 2 0.133 0000 0 #2 0.057 -0.256 0/256
11[-0133 0261 O | 27 0053 0000 0 #3 -0057 -0.256 0/256
12|-0.057 0362 0| 24 0053 0000 O M4 -0133 -0.184 0,184
13| 0.057 -0.256 -0.25p29 | 0.133 0.000 O [ 43 -0.053 -0.006 0.006
14 | 0.133 -0.184 -0.18430 | 0.057 0.000 O [ 46 -0.053 0.006 -0.006
15 | 0.053 -0.006 -0.00p31|-0.057 0.000 O [ 47 -0.133 0.184 -0.184
16 | 0.053 0.006 0.00§ 3P -0.133 0.000 q |48 -0.057 0.256 -0.256

TABLE V. THE CONNECTIVITY OF 136 ELEMENTS TO MAKE THE RBC BICONCAVE MODEL (LAST 24 ELEMENTS (I.E. 113-136) ARE BARS).
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SN [ vertex1| vertexZ SN vertexh vertex2 SN vertéxl vertex2 |SN velftexl vertex2
1 1 2 35 35 36 69 5 38 103 34 22
2 2 3 36 36 25 70 38 26 104 22 10
3 3 4 37 37 38 71 26 14 105 3 10
4 4 5 38 38 39 72 14 2 106 40 45
5 5 6 39 39 40 73 11 44 197 28 33
6 6 7 40 40 41 74 44 32 108 16 21
7 7 8 41 41 42 75 32 20 1Q9 4 9
8 8 9 42 42 43 76 20 8 110 39 46
9 9 10 43 43 44 77 8 47 111 27 34
10 10 11 44 44 45 79 47 35 112 15 22
11 11 12 45 45 46 749 35 23 113 1 43
12 12 1 46 46 47 o 23 11 114 42 3]
13 13 14 47 47 48 81 11 2 115 30 19
14 14 15 48 48 37 82 41 44 116 18 7
15 15 16 49 1 42 83 32 29 117 6 48
16 16 17 50 42 30 84 17 20 118 37 36
17 17 18 51 30 18 8 5 8 119 25 24
18 18 19 52 18 6 86 47 38 120 13 12

19 19 20 53 6 37 87 35 26 121 2 44

20 20 21 54 37 25 89 14 23 122 41 32

21 21 22 55 25 13 89 3 40 123 29 20

22 22 23 56 13 1 9( 40 28 124 8 17

23 23 24 57 12 43 91 28 16 125 47

24 24 13 58 43 31 97 16 4 126 35 38

25 25 26 59 31 19 93 4 39 127 26 23



26 26 27 60 19 7 94 39 27 128 11 14
27 27 28 61 7 48 95 27 15 129 45 3
28 28 29 62 48 36 94 15 3 130 40 33
29 29 30 63 36 24 91 10 45 131 28 2]
30 30 31 64 24 12 94 45 33 132 16 9
31 31 32 65 2 41 99 33 21 133 4 46
32 32 33 66 41 29 10p 21 9 134 39 34
33 33 34 67 29 17 o 9 46 135 27 27
34 34 35 68 17 5 10p 46 34 136 15 10

TABLE VII. THE FORCE DENSITY AND FREELENGTH OF THE INDIVIDUAL ELEMENTS OF THE RED BLOOD CELL BICONCAVE PROTOTYPE

Force Force Force Force
density density density density

SN | (N/m) |Length (m) SN| (N/m) |Length (m) SN | (N/m) |Length (m) SN | (N/m) |Length (m

1 0.008 0.125 35 0.008 0.125 6P 0.004 0.198 103  0.223 0.005
2 0.004 0.263 36 0.009 0.113 70 0.004 0.198 104 0.223 0.005
3 0.033 0.016 37 0.008 0.125 71 0.004 0.198 105 0.113 0.090
4 0.004 0.263 38 0.004 0.263 7P 0.004 0.198 106 0.113 0.090
5 0.008 0.125 39 0.033 0.014 3B 0.004 0.198 107 0.113 0.090
6 0.009 0.113 40 0.004 0.263 % 0.004 0.198 108 0.113 0.090
7 0.008 0.125 41f 0.008 0.125 7% 0.004 0.198 109 0.113 0.090
8 0.004 0.263 421  0.009 0.113 76 0.004 0.198 110 0.113 0.090
9 0.033 0.016 43 0.008 0.125 7\ 0.004 0.198 111 0.113 0.090
10 { 0.004 0.263 44  0.004 0.263 78 0.004 0.198 112  0.113 0.090
11 | 0.008 0.125 45  0.033 0.01¢6 79 0.004 0.198 113 -0.003 0.300
12 | 0.009 0.113 49 0.004 0.263 80 0.004 0.198 114 -0.003 0.300
13 | 0.008 0.125 47  0.008 0.125 g1 0.002 0.265 115 -0.003 0.300
14 | 0.004 0.263 48 0.009 0.113 82 0.002 0.265 116 -0.003 0.300
15| 0.033 0.016 49 0.002 0.276 83 0.002 0.265 117 -0.003 0.300
16 [ 0.004 0.263 50 0.002 0.276 84 0.002 0.2¢65 118 -0.003 0.300
17 | 0.008 0.125 5] 0.002 0.27¢ 85 0.002 0.265 119 -0.003 0.300
18 | 0.009 0.113 54 0.002 0.27¢ 86 0.002 0.2¢65 120 -0.003 0.300
19 | 0.008 0.125 53§ 0.002 0.27¢ g7 0.002 0.2¢65 121 -0.005 0.332
20 | 0.004 0.263 54 0.002 0.27¢ 88 0.002 0.2¢65 122 -0.005 0.332
21| 0.033 0.016 5§ 0.002 0.27¢ 89 0.222 0.005 123 -0.005 0.332
22 | 0.004 0.263 5¢ 0.002 0.276 90 0.222 0.005 124 -0.005 0.332
23 | 0.008 0.125 571 0.002 0.276 91 0.223 0.005 125 -0.005 0.332
24 | 0.009 0.113 54 0.002 0.276 92 0.223 0.005 126 -0.005 0.332
25| 0.008 0.125 59 0.002 0.276 93 0.222 0.005 127 -0.005 0.332
26 | 0.004 0.263 640 0.002 0.276 H 0.223 0.005 128 -0.005 0.332
27 | 0.033 0.016 6] 0.002 0.276 95 0.222 0.005 129 -0.109 0.108
28 | 0.004 0.263 64 0.002 0.276 96 0.222 0.005 130 -0.109 0.108
29 | 0.008 0.125 63 0.002 0.27¢ 97 0.222 0.005 131 -0.109 0.108
30 | 0.009 0.113 64 0.002 0.27¢ 98 0.222 0.005 132 -0.109 0.108
31| 0.008 0.125 64 0.004 0.198 AP 0.222 0.005 133 -0.109 0.108
32| 0.004 0.263 64 0.004 0.198 100 0.223 0.005 134 -0.109 0,108
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33 | 0.033
34 | 0.004

0.016 67
0.263 68

0.004
0.004

0.194 101 0.223 0.005 135 -0.109 0.108

0.19§ 102  0.223 0.005 136  -0.109 0,108

TABLE VII. THE X, Y AND Z COORDINATES OF THES VERTICES USED TO
CONSTRUCT THE TENSEGRITY TABLE(Z COORDINATE OF THE VERTICES
4,5AND 6 ARE ITERATED)

Force

Density | Length

SN vertex1l vertex2 | (N/m) (m)
1 1 2 0.200 0.863
2 2 3 0.200 0.863
3 3 1 0.200 0.863
4 4 5 0.200 0.863
. 5 5 6 0.200 0.863
6 6 4 0.200 0.863
Fig. 4. Two views of the tensegrity table under the application of load. 7 1 5 0.363 0.664
ol Ines indcate the cabies). The tabie under an applid extormal lopd— 2 6 0363 |  0.664
(green dashed lines indicate the bars and the magenta dashed lines 9 3 4 0.363 0.663
indicate the cables). 10 1 4 -0.348 1.144
11 2 5 -0.348 1.144
12 3 6 -0.348 1.144

SN X(m) Y(m) Z(m)
1 0 0 0
2 0.866 0 0
3 0.433 0.750 0
4 0.636 0.707 0.7
‘ 5 -0.064 0.198 0.7
6 0.727 -0.155 0.7

TABLE VIIl. THE CONNECTIVITY OF 12 ELEMENTS (LAST 3(l.E. 10-12)
ARE BARS), FORCE DENSITIES AND INITIAL LENGTHS OF INDIVIDUAL
ELEMENTS TO MAKE THE TENSEGRITY TABLE

V. CONCLUSIONS

In this paper, we developed an optimization method to
synthesize tensegrity structures of desired shapes. The
coordinates of the vertices and the connectivity of the
elements are the inputs to the problem, which we use to
solve for the force densities in each of the member
elements using the equilibrium equations at the vertices.
Constraints are imposed on the force densities to
accommodate tensions in bars and compressions in cables.
The following conclusions can be drawn from the work
presented here.

@

* The solution is unique for a given set of positions of
the vertices and their connectivity with bars and
cables. The free lengths of the elements change
according to different materials assigned but the force
densities do not change.

« Solving the constrained optimization problem posed for
the purpose of synthesis of the tensegrity structure of
desired shape is equivalent to constructing the null-
space of the combined connectivity-coordinate matrix.
When the rank of the null-space is more than unity,
tensegrity structures can be constructed using linear

(b)

Fig. 5. Two views of the tensegrity table. The entire weight of the glass-
top of the stable is supported by the tensegrity structure.
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(1]

(2]

(3]

(4]
(5]

(6]

(7]
(8]

combinations of the basis vectors of the null-spaceld]

This will be explored further in future work

REFERENCES

R.E. Skelton and M.C. de Oliveira, Tensegrity systems: Springer
Berlin 2009.

R.E. Skelton, R. Adhikari, J.P. Pinaud, W. Chan andW.J. Helton,
"An introduction to the mechanics of tensegrity structures,”
Decision and Control, 2001. Proceedings of the 40th IEEE
Conference, Orlando, Florida December 2001, Vol. 5. IEEE, 2001.

D.E. Ingber, "Cellular tensegrity: defining new rules of biological
design that govern the cytoskeleton,” Journal of Cell Science, Vol
104, 1993, pp 613-627.

V.G. Jauregui, Tensegrity structures and their application to
architecture: Diss. Queen’s University Belfast, 2004.

J.B. Aldrich, R.E. Skelton, and K. Kreutz-Delgado,"Control
synthesis for a class of light and agile robotic tensegrity
structures,” Proceedings of the American Control Conference,
Denver, Colorado June 4-6, 2003 Vol. 6. IEEE, pp 5245 — 5251
2003.

A.G. Tibert, and S. Pellegrino, "Review of form-finding methods
for tensegrity structures,” International Journal of Space
Structures, Vol. 18(4), 2003, pp 209-223.

S. Pellegrino, Mechanics of kinematically indeterminate structures:
Diss. University of Cambridge, 1986.

R. Motro and H. Nooshin, "Forms and forces in tensegrity
systems,” Proceedings of the Third International Conference on
Space Structures, Elsevier, Amsterdam, 1984, pp 180-185.

(14

(10]

[11]

[12]

[13]

]

[15]
[16]

[17]

B.S. Gan, "Designing an Irregular Tensegrity as a Monumental
Object," World Academy of Science, Engineering and Technology,
Vol. 70, 2012, pp 634-640.

R. Connelly and M. Terrell, "Globally rigid symmetric
tensegrities," Structural Topology 1995, Vol. 21 , 1995.

J.B. Bayat, Position Analysis of Planar Tensegrity Structures: Diss.
University of Florida. Gainesville Center for Intelligent Machines
and Robotics, 2006.

C. Sultan, M. Corless, and R.E. Skelton, "The prestressability
problem of tensegrity structures: some analytical solutions,"
International Journal of Solids and Structures,Vol.38.30, 2001, pp
5223-5252.

M. Masic, R.E. Skelton and P.E. Gill, "Algebraic tensegrity form-
finding," International Journal of Solids and Structures, Vol. 42.16,
2005, pp 4833-4858.

C.R. Calladine, "Buckminster Fuller's “tensegrity” structures and
Clerk Maxwell's rules for the construction of stiff frames,"
International Journal of Solids and Structures, Vol.14.2, 1978, pp
161-172.

Guide, MATLAB User’'s Manual, "The mathworks," Inc., Natick,
MA 5 1998.

R. Burkhardt, "A practical guide to tensegrity design, 2nd edit."
Cambridge, 2008.
B. Angelov and .M. Miladenov;On the geometry of red blood

cell, " Geometry, Integrability and Quantization. (. Mladenov and
G.Naber, Eds.), Coral Press. Sofia, pp 27-462000.

Proceedings of the™International and ¥6National Conference on Machines and Mechanisms (iNaCoMM2013), IIT Roorkee, India, Dec 18-20 2013

481





