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Abstract—Modular kinematics is a recursive scheme which
is typically used for kinematic analysis of mechanisms. This
paper extends the scope of modular kinematics for efficient
structural analysis, namely for detecting if a given planar
kinematic chains (KCs) has fractionated degrees of freedom
(d.o.f.) or not. Detailed literature survey reveals the availability
of the methods based on loops, graph theory, link-link distances
etc. The method introduced is reliable in terms of robustness
and completeness. Modular kinematics is based on the fact
that any KC can be constructed as a sequence of the classes of
modules for example dyad, input, floating link transformations
and constraint. This construction procedure is termed as
module sequence. This module sequence is used in detection of
fractionation in KCs. From this module sequence single d.o.f.,
subchains are identified. The common link between adjacent
single d.o.f. subchains gives way to potential separation link,
depending on the connectivity data between the links of the
adjacent subchains. The method implemented not only detects
whether fractionation in a KC exists or not but also gives details
about separation link as well as types in fractionation. A new
terminology to define order of fractionation is also introduced
depending on the number of type of fractionations in the KC.
A number of illustrative examples have been shown to explain
the method in an efficient manner.

Keywords – Fractionated degree of freedom; structural anal-
ysis; modular kinematics; fractionation varieties

I. INTRODUCTION

The d.o.f. of a KC is defined as the number of in-
dependent parameters required to completely define the
state of link members. A KC may have total, partial or
fractionated d.o.f. For a f -d.o.f. KC with total freedom,
any combination of f -joints can be selected for giving
input to the mechanism; whereas in partial and fractionated
freedom it is not so. Determination of type of freedom for
a KC is a challenge in structural analysis. The test for total
freedom and partial freedom can be converted to a problem
of identification of the feasible input pairs. A fractionated
d.o.f. KC is characterized by the presence of a separation
link which can be cut into two segments to split the KC
into two independent KCs such that if F is the d.o.f. of the
original KC, and F1 and F2 are the d.o.f. of the component

KCs, then, F =F1+F2. However the KCs with simple
joints have been dealt within the studies. Kinematic chains
with fractionated d.o.f. have many applications in fields like
robotics where decoupling of grasping and manipulation of
robotic hand is very much necessary. But in some applica-
tions viz., of toggle mechanisms for switches [1] fractionated
d.o.f. is unwanted. Hence, recognition of fractionated type
of freedom is important.

Fractionation i.e. division of the KC into two different
sub-chains can be done either by removing a joint or cutting
a link. These were referred to as body fractionation, joint
fractionation and fractionation into open chains in [2]. There
is mention of another version of the third type in [3] as
hybrid kinematic subchains. If a link is cut or fractionated
to divide the KC into two subchains, it is called body
fractionation and if a joint is removed, it is called joint
fractionation to divide the KC into two subchains. In body
fractionation the sum of d.o.f. of the two subchains obtained
is equal to d.o.f. of the KC; but in joint fractionation it
is not so. There exists a relationship between type of sub-
chains obtained and connectivity of separation links. In body
fractionation, to obtain two closed subchains connectivity
of separation link must be ≥ four otherwise it will yield
hybrid KC. For possibility of joint fractionation, there must
exist at least two connected separation links. To obtain two
closed subchains in joint fractionation the separation links
must have connectivity ≥ three; otherwise it will yield
hybrid KCs. All the varieties in fractionation have been
shown in Fig. 1. In Fig. 1(a), body fractionation into two
closed subchains is possible since the link 0 has connectivity
as four. Two closed subchains by joint fractionation are
obtained by removing 0-4 as shown in Fig. 1(b).

A. Literature Review

Test for fractionated d.o.f. has been studied extensively
in the last five decades. The dependency of link member’s
motion was first observed by Crossley [4] where it was
mentioned that for a two d.o.f. mechanism member’s mo-
tion are dependent on both the inputs and gave examples
justifying it. Since then structural analysis was rigorously
studied. Then classification of d.o.f. into total and partial
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(a) Body fractionation by
link 0.

(b) Joint fractionation at
joint 0-4.

Fig. 1: Varieties in fractionation.

d.o.f. was done by Hain [5]. Manolescu [6] introduced the
concept of fractionated d.o.f. in multi-freedom mechanisms.
Further, Davies [7] extended the Manolescu’s classification
and gave tests for detection of type of freedom based upon
loops and graph theory. It was opined that fractionated d.o.f.
depends on the choice of fixed link or inversion. The view
on separation link that it must have atleast 4 pairs was
criticized by Mruthyunjaya [8] who proposed a modified
definition for the fractionated d.o.f. in KCs. The author
also gave tests for detection of fractionated d.o.f. using
the concept of cut vertex in graph theory and used the
concept of computation of reachability matrix associated
with each link. Each vertex in the graph (corresponding to
a link in KC) was removed from the adjacency matrix and
reachability was computed using any of the vertex (rows or
columns). If all the matrix elements did not become zero
then it was concluded that it is a separation link otherwise
not. This process is computationally involved because all
of the links have to be tried until a separation link is
obtained. Agrawal and Rao [9] used path loop connectivity
matrix for detection of fractionated d.o.f of multi-freedom
KC. The authors also developed analytical methods for the
same. Their method was based on detection of independent
loops in a KC and proving that some of the loops do not
have any connection between them. On similar lines, Liu
and Yu [10] also used loop based procedures for the test.
Hunt [2] classified the types of fractionation into body-
fractionation, joint-fractionation and fractionation with open
chains. Agrawal [11] introduced the concept of link-link
distance matrix for freedom analysis. The method is similar
to that of [8]. Hamming number technique was used by Rao
[12] to detect fractionation in a KC. In this paper the test
was based on relationship between connectivity of the KC,
number of links and d.o.f. of the chain. The same author
introduced the concept of loop value and link value in a loop
based method for detection of fractionation in [13]. Here in
this paper, fractionation in a KC was detected by analysing
the difference obtained in loop values when observed and
calculated.

B. Limitations of Previous Methods

Overall, the following observations were made regarding
test for fractionated d.o.f.:

• Loop based procedures do not identify the separation
link.

• The methods mentioned in [8] and [11] are computa-
tionally expensive.

• None of the methods mentioned above classify the type
of fractionation in a KC.

In this paper, modular kinematics is used which is found
to be effective and not computationally involved. A brief
introduction to the modular kinematics and symbolic repre-
sentation of the solution scheme is provided in the appendix
section of this paper. A new approach of cutting a joint
and link along with introducing a new terminology on order
of fractionation is being explained in section 2. Section 3
explains how the modular kinematics is characterized to
obtain the separation link. The idea behind the method
proposed in this paper is explained in section 4. Section
5 gives the algorithm for detection, varieties and order of
fractionation. In the last section, some illustrative examples
with results and discussion along with future work are
presented.

II. VARIETY IN FRACTIONATION

A KC can be uniquely represented by a graph whose
vertices and edges correspond to links and joints of the chain
[5]. A cut vertex or cut edge of a graph G is identified as
an element upon whose removal disconnects G into two
parts. To identify body fractionation presence, cutting of
separation link is a must to obtain two independent KCs.
There is also a provision of joint fractionation, in the KC
which must be similar to cutting a joint to obtain two
independent KCs which is not happening in [2] as they
considered removal of joints completely. It is observed here
that there is inconsistency in terms of cutting when body
and joint fractionation of a KC into two independent KCs
are considered. To bring some uniformity in terms of cutting
following concepts are proposed.

A. Simple and Multiple Fractionation

The splitting of separation link in a fractionated d.o.f. KC
can be viewed as sharing of the joints on the link among
two components. This reduces the problem to that of finding
those partitions of the joints that would give rise to the
increase in number of components. For example, in Fig.
2(a), 0 is a quaternary link containing the joints a, b, c and
d which can be partitioned into groups of (1,3) and (2,2)
joints in seven ways viz. (a,(b,c,d)), (b,(a,c,d)), (c,(a,b,d)),
(d,(a,b,c)), ((a,b),(c,d)), ((a,c),(b,d)) and ((a,d),(b,c)). Out of
these, only ((a,b),(c,d)) leads to an increase in number of
components; whereas in Fig. 2(b) there are three partitions
which split the KC.

On similar lines, the notion can be extended to cut joints
where instead of removing the joint, the links incident at
the joint would be shared in the two components. Cutting
a joint means sharing of links connected to it. Basically, it
implies the cutting of the pin that holds the revolute joint
(in this case) between the links thereby sharing the links of
the KC. In Fig. 3(a) joint J has d.o.f. as three. On careful
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(a) Simple body fractionation at E-
E by link 0 of the KC shown in Fig.
1(a).

(b) Multiple body fractionations
at P-P, Q-Q, and R-R by single
separation link 0

Fig. 2: Cutting of separation links

(a) Simple joint
fractionation to yield
two independent
KCs at joint J.

(b) Multiple joint fractionations
by sections X-X, Y-Y and Z-Z at
joint K.

Fig. 3: Cutting of separation joints.

observation, it can be seen that the links 2, 3, 4 and 7 are
held by one pin only. For joint fractionations this pin can be
cut in several ways i.e. joint pin between any two links is
to be cut keeping the connectivity of others intact. Similar
possibilities as mentioned above can be explored. Out of all
the possibilities only one of them will yield two independent
KCs i.e. two four bars {0,1,2,3} and {4,5,6,7}. Similarly, as
in the case of multiple ways of cutting a separation link,
there are multiple ways of cutting a joint to obtain variety
of independent KCs. In Fig. 3(b) multiple independent KCs
are obtained if the pin at the joint K is cut by sections X-
X, Y-Y and Z-Z. Here, we can observe that fractionating
a link or joint yields simple fractionations (see Fig. 2(a)
and 3(a)) if there is only one way of obtaining independent
KCs and multiple fractionations (see Fig. 2(b) and 3(b)) if
many ways are found. In this work, only simple body and
joint fractionation have been considered for their detection.
The detection of other types of fractionating freedom using
modular kinematics is under progress.

B. Order of Fractionation

As mentioned in section 1, joint fractionation is possible
when two separation links are adjacent. To represent the
details of number of body and joint fractionations in the
KC, order of fractionation of the KC is being introduced.
The order of fractionation is indicated with an ordered pair

Fig. 4: Fractionated KC of order 2.0.

(a) KC with fractionating blocks of
order 1.0 and 3.2.

(b) KC with fractionating
blocks of order 2.1 and 2.1.

Fig. 5: KCs with same fractionating order 4.2.

of integers (X ,Y ) where the first number corresponds to the
number of separation links and second number corresponds
to that of separation joints. For instance, order of fraction-
ation for the KC shown in Fig. 1(b) and in Fig. 4 is (2,1)
and (2,0) respectively. However, in case of fractionated KCs
with only simple joints and simple fractionation inherent
relationship between X and Y is observed. If there is joint
fractionation it would be flanked by two separation links.
A set of successive separation links and joints is referred
to here as a fractionating block. Let Ai be the number of
separation links in the ith fractionating block, Bi number of
separation joints in the same block and also r be the number
of fractionating blocks. Then it is easy to see that

Bi = Ai − 1, also
r∑
i

Ai = X and
r∑
i

Bi = Y

=⇒
r∑
i

(Ai − 1) = Y =⇒
r∑
i

Ai −
r∑
i

1 = Y

=⇒ X − Y = r (1)

This implies that all the KCs with a given order of
fractionation have the same number of fractionation blocks
irrespective of the distribution of the fractionating links and
fractionating joints in the blocks. For example, consider the
KCs in the Fig. 5 whose order is 4.2. Work is under progress
regarding producing of all the possibilities of fractionating
blocks in the KC.

III. CHARACTERIZATION OF MODULE SEQUENCE FOR
FRACTIONATION

A fractionated kinematic chain is characterized by pres-
ence of separation link and partitioning of d.o.f. of KC.
Consider, for example, the KC shown in Fig. 11 which
has seven links and 2 d.o.f. If one of the pairs say 1-2 is
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2-1   2-1     0-1    0-1     3-2    3-2     4-5   4-5      6-0     6-0 
 |         |         |         |         |         |         |         |          |          | 

0  -  2  -  0  -  2  -  0  -  2  -  1  -  2  -   3  -   2 

 

 

 

0-1     0-1     5-0     5-0     4-6     4-6     2-3     2-3 
  |          |         |           |        |          |          |          | 

 0  -   2  -  0  -   2  -  1  -   2  -  1  -   2 

       

 

 

 

1 d.o.f. block 

1 d.o.f. block 

(a) Module Sequence if 2-1 is chosen as input
pair.

 

 

2-1   2-1     0-1    0-1     3-2    3-2     4-5   4-5      6-0     6-0 
 |         |         |         |         |         |         |         |          |          | 

0  -  2  -  0  -  2  -  0  -  2  -  1  -  2  -   3  -   2 

 

 

 

0-1     0-1     5-0     5-0     4-6     4-6     2-3     2-3 
  |          |         |           |        |          |          |          | 

 0  -   2  -  0  -   2  -  1  -   2  -  1  -   2 

       

 

 

 

1 d.o.f. block 

1 d.o.f. block 

(b) Module Sequence if 0-1 is chosen as
input pair.

Fig. 6: Comparison of module sequence for KC in Fig. 11
with respect to link 1 as fixed.

frozen, it divides the KC into so called passive and active
subchains. Passive subchain is that part of a KC (set of
links) that gets frozen with the frozen pair and these set
of links act as a single link for the rest of KC. In the given
example, if pair 1-2 is frozen, links 1 and 2 form the passive
subchain. The remaining set of links which can still have
motion form the active subchain. For the sake of simplicity,
let us assume that the passive subchain be named after the
link that has the lowest index and a ‘∗′ as superscript; thus
the passive subchain {1, 2} is represented as 1∗. The active
subchain is the set of links {1∗, 0, 3, 4, 5, 6}. On similar
lines, if pair {0, 3} is frozen in Fig. 1(a), 0∗ = {0, 3, 1, 2}
is the passive subchain and {0∗, 4, 5, 6} forms the active
subchain. The subchains formed in these cases are single
d.o.f. subchains. This concept can be extended to n-d.o.f.
KCs. On observation of the module sequence (see appendix
for brief overview) in Fig. 11(g), the first single d.o.f. block
is the passive subchain and the second block together with
first block forms the active subchain. Therefore, a module
sequence can be used nicely to reveal active and passive
subchains as single d.o.f. blocks.

Same KC may have different module sequence if differ-
ent fixed links and pairs as input modules are used (see
appendix on how to obtain module sequence for a KC).
For the same fixed link and different pairs as input modules
different modules sequences are obtained. For example, in
the case of KC shown in Fig. 11 if link 1 is fixed, module
sequences are obtained as shown in Fig. 6. Module sequence
for this KC has difference in the type of modules used.
The module sequence obtained in Fig. 6(a) has links in
single d.o.f. subchains as {1, 2} and {0, 1, 2, 3, 4, 5, 6}. On
comparing the single d.o.f. subchains, there are more than
one links (1 and 2) common. Similarly, the module sequence
in Fig. 6(b), has links in single d.o.f. subchains as {0, 1}
and {0, 2, 3, 4, 5, 6} which yield only link 0 as common.

Consider the module sequence in Fig. 11(g). Here single
d.o.f. subchains are {1, 2} and {0, 1, 3, 4, 5, 6} has link 1 as
common. This implies that for different inversions, different
number of common links in module sequence are obtained.
But for the mechanism in Fig. 1(a), no matter which inver-
sion is considered for constructing the mechanism, link 0 is
always the common link between the two blocks. It can be
concluded that, if a given link is obtained as a common link
in all the module sequences, then that link is the fractionating
link and therefore the mechanism has a fractionated d.o.f.
To determine fractionation, all the possibilities of module
sequences are to be obtained until a different or more than
one common link appears between the single d.o.f. blocks. If
in any case more than one common link appears between the
single d.o.f. blocks, then the KC does not have fractionated
d.o.f. So, when only one common link is detected, instead of
exploring all the possibilities in all module sequences for a
given KC, the common link in a single module sequence can
be analysed to detect the fractionation as described below.

IV. ANALYSIS OF THE COMMON LINK

It is interesting to note that when multiple links are
common between the two sets of links in the adjacent
blocks in the module sequence, the adjacency of the links
themselves is not relevant to recognize the absence of
fractionated d.o.f. In fact, it is the presence of joints between
one link in one block and the other in the adjacent block that
calls for additional test to detect fractionation. This is done
using an adjacency tree. The adjacency tree is created with
a given link as root and links adjacent to it as branches.
The branches of next level are determined from adjacency
of corresponding links. Care must be taken that the parent
link does not appear again in the list of child links. At any
level, if the link in any of the branch is same as the parent
link, the construction of the tree is terminated. This will be
clear by the following examples. Consider the mechanism
shown in Fig. 11. The adjacency tree with common link 1,
obtained between the two single d.o.f. blocks see Fig. 11(g),
as root node is as shown in Fig. 7(a). If loops A and B are
observed, the links 2 and 3 are also found in loops C and
D which implies that loops A, B, C and D are interlinked
or connected in some way or the other. Unlike in Fig. 7(a),
the adjacency tree for mechanism in Fig. 1(a) is obtained
as shown in Fig. 7(b). This tree is drawn with the common
link 0 which is obtained between the two sets of single d.o.f.
blocks in Fig. 12. Here we can observe that the links 1, 2
and 3 (in loops P and Q) do not appear in loops R and S
which implies that loops (P, Q) and (R, S) are not at all
connected meaning link 0 is a separation link.

V. ALGORITHM FOR ANALYSIS OF D.O.F.

The construction of a given KC from a module sequence
is explained in appendix. The module sequence can be used
for testing whether a given KC has fractionated d.o.f. or
not. It is assumed that all the rows and columns of matrices
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(a) Adjacency tree for the mech-
anism in Fig. 11 with link 1 as
root.

(b) Adjacency tree for the
mechanism in Fig. 1(a) with
link 0 as root.

Fig. 7: Adjacency tree analysis of the common link.

number start with zero rather than one. The method works
in the following way:

1. Obtain the module sequence of the given KC in the
symbolic way shown in Fig. 10 (see Appendix). .

2. Starting from end of the sequence, identify the single
d.o.f. blocks using guidelines provided in Appendix.

3. Identify the links in each of the single d.o.f. blocks and
store their ids in different sets say S1, S2, S3, ..., Sn.

4. Compare each set with every other set like S1 vs S2, S1

vs S3, etc. and store their result in a matrix
S = (Sij)f×f according to the condition (where f is
d.o.f. of the KC).

Sij =

{
x ∀ x ∈ (Si ∩ Sj) if ‖Si ∩ Sj‖ = 1 and i < j

−1 otherwise
(2)

If all the elements in the matrix S are negative then the
given KC is not fractionated.

5. Initialize matrix C to adjacency matrix A. All the entries
of the common link index’s row and column in C matrix
are to be made equal to zero.

6. Consider the non negative entry from S . It indicates
the common link index which is involved in both the
single d.o.f. blocks (say ith row and jth column). Take
each element from set Si and multiply the element’s
row and column by two in matrix C. Similarly, each
element of Sj is multiplied by three in matrix C . If
there exists any entry as a multiple of six in C then it
can be concluded that the KC is not a fractionated KC;
otherwise, it is a fractionated KC. Moreover, if the KC
has been proved to be fractionated, then the common link
is itself a separation link and insert this link’s index in a
set F . Hence, F contains separation link indices.

7. Repeat steps 5 and 6 until all the non-negative elements
in S are covered. If there exists a separation link, while
computing C from each combination it can be concluded
that the given KC as fractionated otherwise not.

8. Obtain the order of fractionation in the ordered pair form
(X , Y ) where

X = ‖F‖ and Y =
∑

i,j Aij , where i=fm, j=fn,
where m,n=1,2,3,...‖F‖ and m < n ∀ fk ∈ F (3)

Y represents the total number of joint fractionations
which is possible in the KC. Here, X represents the
number of body fractionations.

VI. ILLUSTRATIVE EXAMPLES, RESULTS AND
DISCUSSION

It is assumed that C matrix (and adjacency matrix)
row and column numbers start with zero for the sake of
simplicity.
Example 1. Module Sequence obtained (if link 2 is
fixed) for the mechanism shown in Fig. 11(g). Set of
links from each of the single d.o.f. blocks are S1={1, 2},
S2={0, 1, 3, 4, 5, 6} and common link = {1}.

S=(Sij)2×2 =
S1 S2

S1 −1 1
S2 −1 −1

C for S2 vs S1 =



0 0 0 0 0 9 9
0 0 0 0 0 0 0
0 0 0 6 0 0 0
0 0 6 0 9 0 0
0 0 0 9 0 9 9
9 0 0 0 9 0 0
9 0 0 0 9 0 0


Row and column 1 entries are made equal to zero. Then

elements in S1 are multiplied by two and elements in S2

by three. Element 2×3 is a multiple of six. Hence the given
link is not a separation link; which implies that it has no
fractionated d.o.f. Hence, there is no point in discussing
about body or joint fractionation. The order of fractionation
is (0, 0).

Example 2. Module Sequence obtained (if link 3 is
fixed) for the mechanism in Fig. 1(a) is shown in Fig.
12. Set of links from each of the single d.o.f. blocks are
S1={0, 1, 2, 3}, S2={0, 4, 5, 6} and common link = {0}

S=(Sij)2×2 =
S1 S2

S1 −1 0
S2 −1 −1

C for S1 vs S2 =



0 0 0 0 0 0 0
0 0 0 9 0 0 0
0 0 9 0 9 0 0
0 0 0 9 0 0 0
0 0 0 0 0 4 0
0 0 0 0 4 0 4
0 0 0 0 0 4 0


Here, we can observe that there is no element which is a

multiple of six. Hence, we can conclude that the given KC
is a fractionated one with link having index 0 as separation
link. Body fractionation into two closed KC by this link is
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Fig. 8: Fractionated KC with binary link as separation link.

Example 2 

Module Sequence (link 3 fixed) 
 0-3    0-3    1-2    1-2     4-0    4-0    5-6    5-6  

  |       |       |      |       |      |       |      |       
 0  -  2  -  1  -  2  -  0  -  2  -  1 -   2     
 

ଵܵ ൌ ሼ0,1,2,3ሽ, ܵଶ ൌ ሼ0,4,5,6ሽ, Common Link={0} 

ݔ݅ݎݐܽܯ ݐ݁ܵ ൌ

0

10

2

1

21

S
S

SS
 

 ݎ݋݂ ݔ݅ݎݐܽ݉ ݐ݊ݑ݋ܥ ଵܵݏݒ ܵଶ ൌ





























0400000

4040000

0400000

0000900

0009090

0000900

0000000

 

Here we can observe that there is no element which is multiple of 6.  Hence we can conclude 
that the given kinematic chain is a fractionated one with link having id ‘0’ as separation link.  
Body fractionation of type a can only be talked about since it has connectivity more than 3. 

Example 3 

Module Sequence (link 7 fixed) 
 
6-7  6-7    5-8   5-8    4-5    4-5     0-4    0-4     1-0     1-0    2-3   2-3 
 |      |       |      |       |      |       |      |       |       |      |      | 
0  -  2  -  1  -  2  -  0  -  2  -  0  -  2  -  0  -  2  -  1  -  2 

 

 
 

ଵܵ ൌ ሼ5,6,7,8ሽ, ܵଶ ൌ ሼ4,5ሽ, ܵଷ ൌ ሼ0,4ሽ, ܵସ ൌ ሼ0,1,2,3ሽ 

ݔ݅ݎݐܽ݉ ݐ݁ܵ ൌ

0

10

010

0010

4

3

2

1

4321






S
S
S
S

SSSS

 

1 d.o.f. block 

Fig. 9: Module sequence of for KC represented in Fig. 8.

possible since it has connectivity more than three. The order
of fractionation is (1, 0).

Example 3. Module Sequence obtained (if link 7 is fixed
) for the mechanism shown in Fig. 8 is represented in Fig.
9. Set of links obtained in single d.o.f. blocks are S1={5,
6, 7, 8}, S2={4, 5}, S3={0, 4} and S4={0, 1, 2, 3}. On
comparing the elements of each set, we get the following S
matrix.

S =(Sij)4×4 =

S1 S2 S3 S4

S1 −1 5 −1 −1
S2 −1 −1 4 −1
S3 −1 −1 −1 0
S4 −1 −1 −1 −1

C for S1 vs S2 =

0 1 0 1 2 0 0 0 0
1 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
1 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 9 0
0 0 0 0 0 0 9 0 9
0 0 0 0 0 0 0 9 0


Here, there is no entry which is a multiple of six, that
implies that link 5 is a separation link.

C for S2 vs S3 =

0 2 0 2 0 0 0 0 0
2 0 1 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0
2 0 1 0 0 0 0 0 0
2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 3 0 3
0 0 0 0 0 3 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 3 0 1 0



Absence of multiples of six in C implies that link 4 is a
separation link.

C for S3 vs S4 =

0 0 0 0 0 0 0 0 0
0 0 4 0 0 0 0 0 0
0 4 0 4 0 0 0 0 0
0 0 4 0 0 0 0 0 0
0 0 0 0 0 3 0 0 0
0 0 0 0 3 0 1 0 1
0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 1 0 1
0 0 0 0 0 1 0 1 0


Here also, it can be observed that absence of multiples of
six implies link 0 is a separation link. Hence, the given
KC has fractionated d.o.f. with three separation links
namely 0, 4 and 5 and moreover they are connected to
each other when one observes the adjacency matrix. On
observation, we can obtain corresponding body and joint
fractionations using the rules from section 1.

1. Body fractionation
a. Link 0 and 5 have connectivity = 3, which implies

that when link 0 or 5 have been fractionated or cut,
there can be one closed and one hybrid subchains.

b. Link 4 has connectivity two, which implies that when
link 4 is cut or fractionated, two hybrid sub chains are
obtained. Hence, total number of body fractionations
is three.

2. Joint fractionation
Here joints available for joint fractionations are 0-4 and
4-5. Either of them when fractionated gives two hybrid
sub chains. Hence, total number of joint fractionations is
two. The order of the fractionation is (3, 2).

The algorithm is implemented in C++ language using in-
house modular kinematics library. The inputs to the program
are link-link adjacency data, joint data and fixed link index.
The results obtained for one inversion are valid for all other
inversions. This means that even though module sequence
written with one fixed link differs (some cases may not)
with that obtained when another link is fixed, separation
link is obtained any way for fractionated d.o.f. and gives
reliable results for non-fractionated d.o.f. KC also. The main
point is testing for one inversion gives exact results, hence
there is no need of verifying other inversions. This result
disagrees with the claim made by Davies [7] that fractionated
d.o.f. depends on inversion or the link which is fixed. The
separation links obtained in example 3 exactly complies with
that of shown in [8]. This implies that the method perfectly
adheres to the definition of fractionated d.o.f. and agrees
with the claim in [8] that a separation link need not have
atleast four pairs; it can be a binary link also. The method
developed works for any d.o.f. KC, provided there is proper
link-link adjacency information given. It readily gives out
the separation link data without considering any loops. It
is observed that the step of identification of independent or
basic loops is eliminated entirely. The trial and error has
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been minimized to a very few links (one in some cases) for
proving it to be a separation link or not.

VII. CONCLUSION

In this paper, a new method for detection of fractionated
d.o.f. has been automated and all the problems mentioned
in section 1 are solved. The method is simple, reliable and
gives quicker results when compared to loop based or link
based procedures. Also, a new pattern of fractionations has
been observed as simple and multiple fractionations. A new
notion called order of fractionation has been introduced.
This order of fractionation gives details about distribution
of fractionating links in a simple jointed fractionated KC.
The work on how it is distributed is under progress.
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APPENDIX

Modular kinematics is a recursive scheme is typically
used for kinematic analysis of mechanisms. This paper
utilizes the symbolic description of modular kinematics for
detecting if a given planar KCs has fractionated d.o.f or not.
The concept of kinematic analysis using modules is not new.
It is based on the set of constraints that define the topology
of the mechanism and can be resolved into smaller sets of
constraints, each of which can be solved in closed form or
iteratively ([14]). This implies that solving the kinematics of
these independent constraints (called modules) in a particular
order leads to solving of the kinematics of the mechanism.

A. Types of modules

Any KC can be represented in terms of the classes of
modules namely dyad, input, floating link transformations
and constraint module.

1. Input modules are the ones through which the mech-
anisms receive angular or linear inputs depending upon
the type of pair involved. These modules contribute to
the overall d.o.f. by +1.

2. Dyad modules typically consists of two links connected
by a joint with two half joints to be connected at points
on two distinct links whose kinematic states are known.
These modules do not contribute to the overall d.o.f.

3. Transformation modules are the ones which determine
the unknown kinematic states of points on a given link
from known kinematic states of other points on the same
link. These modules also do not contribute to the overall
d.o.f.

4. Constraint modules arise when the kinematic state of
a number of points belonging to a given link have
been computed independently for the sake of ease of
computation. Hence, in this module, consistency of the
computed quantities are verified in accordance with the
assumption of the rigidity of the links. These modules
contribute to the overall d.o.f. by −1.

The whole mechanism is constructed in a step-by-step
manner, starting from the ground or fixed link by adding
one module at a time in a particular order. Thus, it involves
at every step, a decision about which particular module is
to be added from the modules in the set, discussed above to
construct a desired part of a given mechanism. A solution
to this problem of deciding which module to be added next
is called a procedure or module sequence.

B. Module sequence

The main objective of a module sequence is to derive and
represent the construction of a mechanism in terms of a set
of predefined modules. The module sequence is completed
when kinematic states of all the links in the mechanism
are known starting from the ground link. Each step goes
through the recognition, extraction and status upgradation
phases. For details on how these phases occur, refer [14]
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l1-l2 l3-l4 l5 l6−l7 l8
| | | | |

m1 − m2 − m3 − m4 − m5

Fig. 10: Symbolic representation of module sequence

(a) 7 link 2 d.o.f.
KC

(b) Link 2 is fixed (c) Input module
at joint 1-2

(d) Input module
at joint 0-1 and
transformation
module for link 0

(e) Input module
at joint 5-0

(f) Dyad module
between link 3,
4 and constraint
module on link 4

Module sequence for a 2-DOF, 7 link mechanism (where link 2 is fixed) is illustrated as fol-
lows

 

Fig 2: Module sequence strategy 

Module sequence proceeds on the basis of updating the status of joint locations.  All the 
known joints are represented as solid circles and remaining as empty circles.  Here as we can 
see that link 2 is fixed so the location of joints associated with it i.e 1-2 and 2-3 are known 
(fig. b).  Now input is given to link 1 with respect to link 2 hence another joint 1-0 is known 
(fig. c).  Similarly input is given to link 0 with respect to link 1 which gives status of joint 5-0 
(fig. d). Here two points (joints) on link 0 are known, joint 0-6 is known using transformation 
module.  On observation, there is a dyad module that can be added at link 3 and 4 which 
gives status of joint 3-4 (fig. e).  The left out joint is 4-6.  Therefore, a constraint module be-
tween 5-4 and 4-6 can be introduced.  In this way, whole mechanism status is known. 

The overall module sequence is represented symbolically in the following way 

1-2    1-2    0-1    0-1     5-0    5-0    3-4    3-4    6-4    6-4 
 |      |       |      |       |      |       |      |      |      | 
0  -  2  -  0  -  2  -  0  -  2  -  1 -  2  -  3  -  2 

 

 

Fig 3: Module sequence of 7-link KC represented in Fig 2 

The degree of freedom of the mechanism/block is obtained as the number of input modules 
minus the number of constraint modules. 

݇ܿ݋݈ܾ ݂݋ ܨܱܦ ൌ .݋݊ ݏ݈݁ݑ݀݋݉ ݐݑ݌݊݅ ݂݋ െ .݋݊  ݏ݈݁ݑ݀݋݉ ݐ݊݅ܽݎݐݏ݊݋ܿ ݂݋

ܥܭ ݈ܽݐ݋ݐ ݂݋ ܨܱܦ ൌ 3 െ 1 ൌ 2 ሺ݂݁ܿ݊݁ݑݍ݁ݏ ݈݁ݑ݀݋݉ ݈ܽݐ݋ݐ ݄݁ݐ ݉݋ݎሻ 

Similarly, module sequence for the mechanism ሺlink 3 is fixedሻ shown below in fig. is obtained 
as 

1 d.o.f. block 

(g) Overall module sequence schematically.

Fig. 11: Steps in construction of mechanism using predefined
modules.

and [15]. Module sequence when applied for a mechanism
is illustrated by the following example.

For the sake of clarity, a symbolic representation of the
module sequence, which was introduced in [14], will be
used in the rest of the paper. Input, dyad, transformation
and constraint modules are represented by 0, 1, 2, and 3
respectively. The module sequence is thus represented in
the form as shown in the Fig. 10, where m1, m2, m3...etc
are the module types and l1, l2, l3...etc. are the links in the
corresponding module. Module sequence for a 2-DOF, 7 link
mechanism (link 2 is fixed) is determined as follows. Module
sequence proceeds on the basis of updating the status of
joint locations. Status of a link (in planar mechanisms) in
this context can be related to the kinematic state of a body.
If at least two points/joints are known on a link, then it
implies that status of the same is completely known, since
two points on a planar body are sufficient to know its
position and orientation (or kinematic state). For details on
these statuses, refer [14] and [15]. The module sequence
or the procedure of constructing the mechanism does not
depend on the geometric dimensions and actual values of
input parameters. It depends on the fixed link and input
pair definition. Same mechanism may have different module

sequence depending on fixed link and input locations. This

 

Fig 4: Kinematic chain with fractionated link 

0-3    0-3    1-2    1-2     4-0    4-0      5-6    5-6  

 |       |       |      |       |      |       |      |       
0   -  2  -  1  -  2  -  0  -  2  -  1 -   2 

 

 

Fig 5: Module sequence for KC represented in Fig.4 

3.  How the method works 

The fact that above method works for any kinematic chain is that module sequence is 
generated by moving from one joint to another joint location (using link-link adjacency data).  
On observing the single degree of freedom blocks there exists at least one common link.  This 
property of the module sequence is exploited for the test of fractionated degree of freedom.  
The common link that is obtained gives a high possibility of being a separation link.  If the 
common link is separation link then it separates the kinematic chain into two sub chains.  
Hence, the links in the two blocks are not connected.  Otherwise, if there is a joint between 
any one links of the blocks other than common link it is realized properly on further subtests.  
This becomes clear when adjacency tree is created with common link as root.  The adjacency 
tree is created with a given link as root and links adjacent to it as branches.  The branches of 
next level are determined from adjacency of corresponding links.   Care must be taken that 
the parent link does not appear again in the list of child links.  At any level, if the link in any 
of the branch is same as the parent link, the construction of the tree is terminated. 

  For example, consider the mechanism shown in Fig. 2 and write the adjacency tree 
with common link between sets link 1 as root node (see Fig 6).  If loops a and b are observed 
the links 2 and 3 are shown in rectangular box and circle respectively.  These links are also 
seen in loops c and d which implies that loops a, b, c and d are interlinked or connected in 
some way.  This interconnection is obtained as multiple of ‘6’ in step 6. 

 

 

 

1 d.o.f. block

Fig. 12: Module sequence for KC represented in Fig. 1(a).

implies that a KC can be constructed in any number of ways.
All the known joints are represented as solid circles and
remaining as empty circles. Here, as we can see that link 2
is fixed; so the location of joints associated with it i.e., 1-2
and 2-3 are known (Fig. 11(b)). Now input is given to link
1 with respect to link 2. Hence joint 1-0 is also known (Fig.
11(c)). Similarly, input is given to link 0 with respect to
link 1 which gives status of joint 5-0 (Fig. 11(d)). Here two
points (joints) on link 0 are known, joint 0-6 is known using
transformation module. Now another input is given to link
5 with respect to link 0 which gives the status of joint 4-5.
On observation, there is a dyad module that can be added at
link 3 and 4 which gives the status of joint 3-4 (Fig. 11(e)).
The left out joint is 4-6. Therefore, a constraint module
between 5-4 and 4-6 can be introduced on link 4 which
is computed independently. In this way, whole mechanism
status is known. The overall module sequence for the given
mechanism is represented symbolically in Fig. 11(g).

A block in a module sequence is defined as a section
of the main sequence. For example, in the above module
sequence the blocks are indicated by an under brace. These
are single degree of freedom blocks. The d.o.f. of the
mechanism/block is obtained as the number of input modules
minus the number of constraint modules. So to identify the
single d.o.f. blocks, first begin with right end of the module
sequence and move towards left. Assign value of d.o.f.
= 0. While moving towards left of the module sequence,
if an input or transformation or dyad or a constraint module
is found, add +1 or 0 or 0 or −1 respectively to d.o.f.
until d.o.f.= 1. The resulting part of sequence covered till
now is single d.o.f. block. It is a subchain of the main
KC. Again assign value of d.o.f.= 0 and repeat the above
steps with the next module, until whole of the module
sequence is completed. Obviously, the d.o.f. of KC should
be equal to number of single d.o.f. blocks in the sequence.
Similarly, module sequence for the mechanism (link 3 is
fixed) shown in Fig. 1(a) is obtained as in Fig. 12. The above
scheme of modular kinematics has been implemented and
the module sequence in the above format is obtained easily
from the link-link adjacency information for any planar
linkage mechanism. Thus, in rest of the paper, the module
sequence for a mechanism is assumed to be readily available
for the d.o.f. analysis.
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