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Abstract— This paper presents the systematic methods to
deal with kinematic analysis of 3-PRS configuration parallel
manipulator involving non-linear simultaneous equations.
Using the loop closure constraints, three coupled equations
are formulated using configuration of the manipulator.
Bezout's resultant and Sylvester method are used to
determine roots of three non-linear equations. The tilt of the
moving platform is measured with respect to fixed base for
single prismatic joint actuation or any combination of these
three joints actuations. The maximum tilt of moving
platform for the proposed configuration is also computed for
limited range of joints. Tool tip coordinates are determined
using vector approach with reference to established
coordinate system on the base platform. Jacobian matrices
are derived for active and passive variables for singularity
determination. Using tool tip coordinates for various
combinations of linear actuations as point cloud, workspace
for 3 — DOF parallel manipulator is developed.

Keywords— Parallel manipulators, Bezout's resultant,
Jacobian, Singularity, Workspace

. INTRODUCTION

Even though Stewart platform and Hexapod offer
6-DOF as parallel manipulators (PMs) for some

applications, the practical usage of 3 DOF PMs due to Ie%
complex configuration and power requirements for many-
The

industrial applications may not be neglected.
development of parallel manipulators can be dated back
the early 1960s, when Gough and Whitehall [1] first
devised a six-linear jack system for the purpose of

universal tire testing machine. Later, Stewart [2] develope

a platform manipulator for use as a flight simulator. SIHC% ing dialytic elimination method to solve univariate eight
1980, there has been an increasing interest in developmeﬁﬁ

of parallel manipulators. Potential applications of paralle
manipulators include mining machines [3], walking

machines [4] and pointing devices [5]. Parallel

Manipulators (PMs) are widely used due to many inherenﬁ'

characteristics over the serial manipulator. Thes
configurations accuracy are very high due to non
cumulative joint errors as compared to serial manipulator
Its payload-to-weight ratio and structural rigidity is

relatively high because load is carried out by several Iinkg]

in parallel. In parallel manipulator the effort is designing
one kinematic chain which is usually repeated
symmetrically for whole robot. In conventional machine
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tools like conventional drilling machine, inclined holes are
difficult to be drilled with higher accuracy without
orienting the work piece. Moreover, machining on the
inclined surfaces is also difficult conventionally. The
machining on prismatic surfaces of work part with
machine orientation is possible using parallel configuration
as one of good alternative. Parallel manipulator survey for
industrial applications, space explorations, food industries,
medical surgery equipments, mining and many more is as
reported in [6]. The exponential growth of publication on
parallel robots in the last five years points to the potential
embedded in this structure that has not yet been fully
exploited. The parallel architecture can also be used for
earth quake motion simulator [7]. The inverse kinematics
of new 3-PRS configuration was carried out and same was
simulated using ADAMS software. The kinematic analysis
results were compared and reported [8]. Simulation of 3-
RPR, 3-UPS and 3-RPS was carried out to determine the
torque requirement at time of machining for single and two
links linear actuation simultaneously [9]. Isotropic or
singularity condition using the variation of kinematic
condition index (KCI) from condition humber of Jacobian
matrix (J) was determined after deriving the kinematic
equations of parallel manipulators [10]. Singularity
analysis of multi loop platform was investigated and
eometric condition based on the concept of common
ngent was highlighted by D. Basu and A. Ghosal [11].
orward and inverse kinematic, dexterity characteristics is

investigated and reachable workspace is generated for the

t[:S)roposed three degree of freedom 3-PRC (Prismatic-

Revolute- Cylindrical) parallel manipulator by Yangmin Li
nd Qingsong Xu [12]. More recently, direct kinematics
losed form solution of a 4PUS + 1PS parallel manipulator

gree polynomial [13]. The size and shape of workspace
of 3-PPSP 6 DOF parallel mechanism was investigated
[14] by Whee-kuk Kim et.alThe motivation behind this
ork stems from the fact that the work part positioning and
rientation is not supportive due to geometric limitation for
ny processing purpose then only alternative left in
direction of design change of machine or robotic tool.

%—'iere, effort is put up for such processing operations to be

erformed with parallel manipulator instead of serial
anipulation even though existence of closed loop may
complicate its design, analysis and control at all level. In
this paper parallel manipulator with three degree of

freedom is considered for its kinematic investigation.
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II.  3-PRSPARALLEL CONFIGURATION that this is a fully parallel manipulator, since each limb
. , . has only one actuated joint. By actuating the recirculating
A. Manipulator's Architecture ball screws, the tilting motion of the top platform can be

A TRIPOD consists of different parts like rotary obtained which is connected through three spherical
base, fixed base, square cushion rigidly fixed with basgpints. For kinematic investigation of a manipulator, the
recirculating ball screws, connecting links, pins for joints,rotary base is considered as a passive joint but the same is
movable platform with attached tool. In each limb of theactive for work space generation.
manipulator, ball screw joint with translational motion . .
acts as prismatic joint and generated link motionB: Formulations of loop closure equations
transmission through revolute joint and spherical joint at Because the motions of the links are constrained
last gives a pose for a particular tool attached with movingpy the revolute joints, the connecting lirksS;, R,S,
platform. The coupled motion of each limb for the 3-PRSand R;S; can only rotate on their corresponding fixed
configuration is responsible for final pose of the tool,planes defined by set of points
which is useful for various manufacturing operations as{B;,R;,S;},{B,, R, S,} and {B3,R3, S3}.
well as in medical science for surgery. The degree of
freedom (DOF) of the 3- PRS mechanism is calculated b
using Gribler—Kutzbach criterion:

Three loop closure equations formed for
gymmetric parallel architecture as shown in fig. 1 are for
the loops O@5R,PB;O, OOSRP,B,O and

j
) OO;S$3R3P3B30. Consider the plane Q8R;P;B;0, in
DOF = A(n—j—1) + Zfi ey which a loop 1 is investigated for the kinematic analysis
i=1 point of view.
) Tool On XY-plane of the rotary base as shown in fig. 3,
Moving S — q 00
- 3 ~
Platfor \‘& RS =— 7c0591 i+ 3 cos0,j — sinb k (2)
St
' U > — . 3 o1 L
3 R,S, = 700562 i+ 500502] — sinf,k 3
R3S; = —cos 05 i —sinby k 4)

Where,i, j andk represents the unit vectors alorfy Y
and Z axes respectively. The right handed Cartesian
coordinate system is placed on the base at a centre of
equilateral triangle®; is the inclined angle with th&¥Y
plane andJ; as shown in fig. 1¢ is the angle of bisection
of base platform with a magnitude of 30° due to
equilateral triangle configuration between legs of the
tripod. When the feeds of the screws (the position of the
sliders) are given, the direct kinematics problem is defined
Fig. 1 Tripod with 3-PRS configuration and rotary base to find the position and orientation of the moving
platform. The actuated joints are the prismatic (P) joints.
When no relative motion between fixed and The linear displacement of nut is representedr;by
rotary base, Hence,T = [T, T, T5]7 be the translational vector of three
=6(8-9-1)+(1x3+1x3+3%x3)=3 actuated joint variables in the direction of z- axis only.
Here, ) is the degree of freedom of the space utilized forThe position vector&P, ,0P, andOP; can be expressed
mechanism while in operation. In the above configuratiorS:

for spatial motiorkh = 6, n is the number of links of — on D . o en ~

mechanismj is the number of joints of mechanism for; 0Pt = ~{5¢0s30 1= =sin30 j + Tpk )
f;is the degree of freedom of"joints. Therefore, the — on D . oroa ~

moving platform has instantaneously two rotational0Fz = [5¢0530 1= Zsin30 j + Tok 6)
degrees of freedom and one translational degree of— , . P

freedom along z-axis. The mechanism with active rotar)pp3 =5/t T3 @)

base has 4-DOF asa = 9, (3 recirculating ball screws, 3 W
connecting links, 1 moving platform, 1 rotary base and ]fixed base. The constraint equations of the 3-RPS

fixed base for this parallel architecture) ame- 10. configuration with a rotary base should satisfy the

Spat!al 3 — DOF para_llel manipulator as shown in f'g‘lfollowing three constraint equations invariably with the
consists of a top, moving platform connected to a bottonﬁxed lengthL of the linkR;S,
1-1"

base platform with three ‘legs’. Each limb of symmetric

parallel configuration consists of a prismatic, rotary and @0, + 0,S, = 0B, + B,E. + PR, + R,S, = X, (8)
. .. . . L L [ Al 2 ™ L

spherical joint (P - R - S). Recirculating ball screws are ]

utilized as prismatic joints for the manipulator. ThreeWhere,i=1,2,3

servo motors are attached for these screw joints actuation

and all other joints are considered passive. It may be noted

here,p is the distance between two prismatic joints on
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With reference to configuration as shown in the fig. 2 an

fig. 3,
|0B,| = [0B,] = |0B,| = -
V3
p
|OM,| = |OM,| = |OM;5]| = —
1 2 3 2\/§
The equation (8) is represented in matrix form as,
[p V3 V3
B -§+7b+7Uc0561
K=l P b Tyose
-——+—=+=Ucos
243 2 2 !
T;+UsinB,
pv3 V3 ]
B §-7b-—Uc0592|
=P D hcose,|
N cos 2|
T2+Usin62
0
1 = | &= b - uvcoso
X; = NG cos0;
T; + Usinf;

Fig. 2 Loop - 1 on planéB,P,R;S;0,0

Uich1430°

Y
Bs :
Ri1

3 Uiehie30°

Fig. 3 Resolving the link lengtR;S; on XY-plane

In other words,

joints at moving platform is equal to q. At last, the N, x32 + Ngx3 + Ng =0

- —_—2 — 2
|00, + 0,8, = |X,]

U2¢62530°
=

(9)

constraint equations can be rewritten in following form
using (9),

2 2 — —2

|5152| = |0151 - 0152| = |X1 _le =q* (10a)
2 2 — -2

|5253| = |0152 - 01S3| = |X2 - X3| = q2 (10b)
2 2 2 )

|5351| = |0153 - 0151| = |X3 _X1| =q (10c)

Substituting (8) into (10a), the following form of the
equations can be derived:

T, 2-2T, T, +2T, Usin®;-2T, UsinB,+T,*-2T, UsinO, +
2T,Usin®,+U?cos%0,+U?cos8;cos0,+U%cos?0,+
U?%sin%6,-2U%sin0,sin6,+U?%sin?0,+3bUcos0; +
3bUcos8,-v/3Upcos8;-v3Upcosh,+3b?-21/3bp+p?=q?

(11a)
T,2-2T, T3 +2T,Usin®,-2T, UsinO; +T;2-2T; Usin®, +
2T;UsinB;+U?cos%0,+U?%cos8,cos05+U2cos?05+
U?%sin%6,-2U%sin@,sin0;+U?%sin?0;+3bUcos0, +
3bUcosB3-v/3UpcosB,-v3UpcosB;+3b? — 2+/3bp +
p* =q* (11b)

Ty 2-2T, Ty +2T, Usin®, -2T, UsinO; + T;2-2T; Usin®; +
2T;UsinB;+U?cos20, +U?%cos8;cosB;+U?cos?05+
C]JZSinzel-ZUzsinGlsin% +U?%sin%0;+3bUcos6, +
3bUcos03-v/3Upcos,-v3UpcosB;+3b?-2+/3bp+p?=q?
(11c)

Equation (11) can be rewritten as the following form, the
derived equations represents more general case as reported
by Meng-Shiun Tsai et al. [15]:

Ci1 €01 + C15¢05 + €350, + C1450, + Ci5¢c0,¢0, +
616561562 + Cl7 = 0 (120.)

Cy1 €0, + CypcO3 + Cy350, + Cy4505 + Cy5¢0,c05 +
626562593 + Cz7 = 0 (12b)

C31 €01 + C35¢05 + C3350; + C34503 + C35¢6,c05 +
C36561563 + C37 = 0 (12(:)

Using trigonometric formulations and substituting them
in (12a-12c),

2

1-x;

i = 2
1;;‘: , Wherex; = tan(6,/2) (13)

Sei = 1+xl-2

(Ll X22+L2X2 +L3)X12+(L4 X22+L5X2+L6)X1+L7 XZZ

The distance between any two centers of sphericaN; x32 + Nox5 + N3)x;2 + (Ny x32 4+ Ngx3 + Ng)x; +

+L8 X2+L9:0 (14a)

(Ml X32+M2X3+M3)X22+(M4 X32+M5X3+M6)X2+M7 X32

+M8 X3+M9:0 (14b)
(14c)
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I1l.  BEZOUT S RESULTANT

Suppose, for the given two uni-variate polynomials

f,g € R(x)\{0} with deg(f) =m anddeg(g) =n.
Assumingm > n,

) =upx™ + Uy x™ T+t ux+uy, Uy #0
g = v x™ + vy X+ vix + vy, v, =0
(15)

Bezout matrix [14, 15] off and g is defined byn X n
symmetric matriB(f, g) = (Bij)?:o is expressed as
by = [UgVisjor| + [urVigjoa| + = + |[UeVisa|

Where, |u,vg | = upvg —uqvp,  k=min(i—1,j — 1))

andv, = 0,ifp >n

OR
The Bezout's resultantR(f,g) = R;;(f,9)
symmetricn X n matrix is defined by,

Ri;(f.9) = Z Det |1;Z ZZ'

is the

Here, i, j=0, 1, ....n-1 and summation on right side of the

resultant is taken over all for p and g for whipt>
max(n—in—j)andp+q=2n—i—j—1.

The equations (14a) and (14c) can be represented as,

ulez + ulxl + uo = 0

szlz + lel + VO = 0 (16)
Eliminatingx, using Bezout’'s approach far = n = 2,
_ [Yzv1]  Uzv0]
B,(f.9) = [u[2v0] u[lvo]] 17
_ [uzvl — VU UpVy — 172”0] _ [Y1 YZ]
UVp — DUy UV — V1l Y2 Vs

Where,

uz = L1X22 + LZXZ + L3 ,u1 = L4X22 + L5X2 + L6 )

uO = L7X22 + L8X2 +L9,U2 = N1X32 + N2X3 +N3,

Ul = N4X32 + N5X3 + N6 ,UO = N7X32 + N8X3 + N9

Using formulation (17),

Vi = A1x,2x32% + Ayx,2x5 + Agxy? + Agxyxs? + Agxyxs
+ Agxy + Ayxg? + Agxs + Ay (18a)

Vo = Bix,2x3% + Byxy2 x5 + B3xy? + Byxyx3? + Bexyxs
+ Bgxy + Byx3% + Bgxs + By (18b)

Y3 = C1x%x3% + Cx3%x3 + C3x,% + Cuxpx3? + CsxpXs
+ Cexy + Crx32 + Cgxz + Cy (18¢)

Using the determinant of the 2x2 Bezout’s matrix of (17),

]2 = M4 X32 + M5x3 + Mﬁ

JA =M7x32+M8x3+M9

Bezout's matrix for these non linear simultaneous
polynomial equations with coefficients | and J with
different degreesm = 4andn =2 is represented in

following matrix, the resultant is determinant of the

matrix,
Iy =L)s L=, =Lz —L—NLz —L];
Is]; — L3 Is]y — I3)3 —1J3 —1J3
I3 Iz 1 0
0 I3 J2 1
(20)

L?)3* = (L), + 2L15)y — L21))5° + (L), +
3L 14J1); + 2L1s)i* — LIz ), — 2L,1,,% + 13%),%) J3% —
(41115]1),° — L1uJ1),* = 3L15]:% ], — L14J:% ], —
2L15),° + L1J,° + L2)3%) Js + Lis), — Lis) ), +
LiIs)*)% = Ls) ), + 12, = 0 (21)

The above equation is 1éorder equation containing
only a variablec;. Solution of the equation gives 16 roots
containing positive, negative and imaginary roots. The
imaginary and negative values of roots are discarded as the
physical configurations are not possible. Two values of the
variable x, and x; is computed for the corresponding
value ofx;. There are 16 values of xariables, out of
which 4 are real positives, which are considered for further
computation. Using expression (16) and (19), the value of
x; andx, is calculated respectively.

V. SINGULARITY ANALYSIS

In general, the three loop closure equations (11a) to
(11c) is represented as,

gi(T, T,,T5,0,,0,,085) =0, i=123 (22)

Where, Ty, T, and T;are active and,,6,,0;
passive joint variables

are

By differentiating loop closure equations, the joint rates
relationship is determined.

the resulting equation becomes (19) and using it with The above relation is expressed as,

(14b),
15x24 + 14X23 + I3X22 + 12X2 + 11 = 0 (19)
Jax22 + %, +]1 =0 (14b)

Where,]3 = Ml X32 + MzX3 + M3

agl aTl agL (?HL _

ar, ot T30, 9t " (23)
In matrix form the relation is represented as,
99, 092 9ga |||, |09z 992 B9z| || _
oT, 0T, 0T; TZ 06, 06, 06, 92
10T, 0T, O0Tsl 106, 06, 005l

(24)

J[T] + U-1[6] =0 (25)

Where,[/]is jacobian matrix of dimensidhx 3. [J*]is
also a square matrix of the same dimension for the
configuration under consideration. The jacobian mdjtix

Proceedings of the™International and ¥6National Conference on Machines and Mechanisms (iNaCoMM2013), IIT Roorkee, India, Dec 18-20 2013

675



is determined by differentiating three equations (11a) to| 23.5081| 20.8027| 63.0021 0 0.0031

(11c) by active joint variableg, 62.8950 | 63.0021] 63.0021 0] 0.0221

Ay A, O 23.5080| 20.8027| 63.0021 0 0.0031

Jl=|0 A, Ay (26a) 64.2304 | 64.2340 61.7091 0 0.0236

Ay, 0 As 22.1054| 19.4738| 61.7091 0 0.0032

64.2304 | 61.7091] 19.4738 0 -0.0238

Where, -11.0281| -13.6969 19.4738 0] -0.0025
An = 2Ty = 2T, + 2Usf, = 2Uso, Case 2 All screws are actuated with different

Ay, = 2T, - 2T, - 2Us6, + 2Us6,
Ay, = 2T, - 2Ty + 2Us6, - 2Us6;
Ays = 2T, — 2T,- 2Us6, + 2Us6,
Asy = 2T, — 2T, + 2Us6; — 2Us6,
As, = 2T, — 2T, — 2Us6; + 2Us6;

By differentiating loop closure equations (12a to 12c)

with respect to passive joint variabRs the three

equations can be written in matrix form as follows and the

magnitudes of 0.3, 0.4 and 0.2 units from assumed level.

23.4870 x3164-6.3613 x31°-0.2221 x5 *-3.3540x, >
-14.7671x3'% -0.5088x5 ' +4.7399x,3 1%+ 0.3713x5°
+0.3135%5%40.00096 x37-0.1410x3°-0.0079x,°

-0.0130x3*-0.0007x53=0

(

28)

TABLE 2: PASSIVE JOINT ANGLES FOR MULTIPLE ACTUATIONS WITH

DIFFERENT MAGNITUDES

matrix is denoted bjj*] 01 0, 05 det J | det J*
63.0278 | 62.9491] 62.9521| 0 | 0.0221
Byy Bz 0 22.0871| 23.4520 | 62.9521| O 0.0030
J1=| 0 By, By (26b) 63.6114 | 63.5577| 62.3767 0 0.0229
Bs1 0 B 21.4711| 22.8173] 62.3767 0 0.0031
Where, 64.2480 | 64.2208] 61.7189 0| 0.0236
> :
60, ot~ Coco uooe, | DI LSO LTS ol o
B1=C14c0, — C1,50, — Cy5¢6,560, + Cic0,56; 12.9452| -11.6105| 18.8347 | 0 | -0.0025

B2:=C23¢0; — 2150, — C35¢0350; + C26¢0,505 Tool is attached with the moving platform at its centre.
Using vector approach, the coordinates of the tool tip is
computed for the known value of linear actuation and tool

length (TL).
For case 1:Determination of tool tip coordinates

8232624663 - 622593 - 625692593 + 626693592
B31:C33C61 - C31$61 - C35C63501 + C36C01563
B33:C34_C63 - C32$63 - C35C61503 + C36C63561

The obtained jacobian matr[x*] is same as reported The computed angles using Bezout's approach are,
by D. Basu and A. Goshal [11]. By analyzing the Jacobia®, = 62.8949°,0, = 63.0021° and 8; = 63.0021".
matrix of a manipulator, the singular configurations of the
robot are determined. The determinant of jacobian matrix
equal to zero represents the manipulator with a singular
configuration. Usually, the mobility of a manipulator is
reduced near a singularity.

Using equation (8), the values of vectors

—

X, = (—0.1493,—0.0862,0.5691),
X, = (0.15,—0.0866,0.5895) and

Case studies: X; = (0,0.1732,0.5895). Each vector represents
Assumed configuration parameters are: p=0.75; U=0.4gPoint lies on the plane or plane parallel to the tilted moving
4=0.3: b=0.041; F0.16: §=0.16; F;=0.16: TL=0 175 platform. The tilt of the moving platform with reference to

_ o base can be computed from the angle between normal
Case 10Only one screw is actuated by 0.02 umitéich  vector of moving and base platform. The normal vector is
is T;=0.14 unit from baséRefer fig. 1)

the cross product between the two vectors lies in that
The resultant 1Border equation is,

plane. The normalized normal vector-i8.0680T —
0.03937 + 0.9969k. Tool tip coordinates are
23.4602x31944.2382 x31° -0.5525x,*-2.2488x, 12

determined using centre point coordinates, tool length and
normalized normal vector. As shown in fig. 4,

-14.5661x5'% -0.3318x; 1+ 4.7297x; 104+ 0.2469x,° g

+0.3063x5%40.0063x57-0.1409 x5°-0.0053x5° A,

-0.0129x3%-0.0004x;3=0 (27)

TABLE 1: PASSIVE JOINT ANGLES FOR SINGLE ACTUATION

_X+Xs o Xi+Xs
T2 TR 2
nA=[(B,-B,) x (& - B,)] [(A; - &) x (B, — By)]
nB =[(A, —4,) x (& —B;)][(A, - &,) x (B, — B})]

d =[(& - A) x (B, = By)] - [(A, = &) x (B, — By)]

det J*
0.0221

91
62.8949

92
63.0021

04 det J
63.0021 0
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tool tip positions for entire working range of active joints
X3 actuation. The workspace analysis is always imperative to
avoid singular configurations. Moreover, many facts can
be observed to enhance the parallel manipulator
configuration further. The generated workspace is always
B, A, constrained due to joint-angle limitations, link-length
limitations with regard to structural bending, space
0, constraints or any joint-interference. It is always desirable
to analyze the shape and volume of the workspace for the
particular application requirements point of view. It is
X1 =4, X, =4, difficult to express complete workspace as it does not
reveal actual tool tip orientation information of the
machine tool, which is essential for user at time of

Fig. 4 Top view of moving platform

The Moving platform centre coordinates are, machining in many cases for physical constraints
- IR avoidance. For proposed configuration, position
0, = A; + (nA/d)(A; — A;) (30)  coordinates are captured for limiting range of spherical

ints movement to avoid interference between link and
obile platform as well as recirculating ball screws as
ranslational actuators. Linear actuation of individual legs
with magnitude T1, T2 and T3 for the range of 0.1 unit
XX, X X1X3’> with step size of 0.01 unit is applied for determination of

Tool tip coordinates are found out using tool Iength,Jo
centre coordinates of moving platform and normalize
normal vector of moving platform as,

—_— (€29) tool tip coordinates. The obtained position coordinates (X,
X1X; x X;Xs y, z) of tool tip are exported to excel program. The
Tool tip coordinates (-0.0117, -0.0067, 0.7571) arecoordinateo’s da}’ta are caetured J‘or the rotary bas_e pos_itions
determined using the coordinates of centre mjntfor a  Of ($o): 07, 30", 60", 90°, 120". A 3-PRS configuration
specified tool length and direction cosines of the normaf€peats the same coordinates for any angular increment
vectorN,. The another simple approach is determinatiorffter 120" due to its axi-symmetry nature. The workspace

of centre of a circle inscribed in equilateral triangle, of parallel manipulator is developed using such tool tip
point clouds process sequentially as shown in fig. 5. Using

_S{+5;+5; 32 MATLAB by reading excel file and 3D-surface is
1= 3 (2) generated using surf command as shown in fig. 6.
imilarly, linear actuation of pair of legs with magnitude
tip coordinates subsequently. Synchronized tool tip 1 and T2, T2 as well as T3 and T1 simultaneously for

coordinates for its position and orientation is importantzigfmﬁg%i nar:)(? tsiteré osolfc?i r:ztggplllteﬂ\év;:so Lgo'ierleelzg ;g
during the machining while working on prismatic surface P : 9

with contouring acuated simult_aneously and at same position With
' reference to fixed base at any time. The tool tip
V. SYLVESTER'S METHOD coordinates are captured in excel file. Using MATLAB
. . . . __program, the workspace is developed after sequential
Two _different non-linear simultaneous equations withyocessing of tool tip coordinates data captured earlier. It
degreem = 4andn = 2, the corresponding Sylvester's js ohserved that inner surface is generated through
matrix is: actuation of two screws, while outer surface is generated
[15 L L L, L 0] due to actuation of single leg as shown in fig. 7.
151

0 I I, I3 I
Legl_O]—b[ Legl_30]—>[ Legl_60°]—l

6tip = 61 + TL (

Workspace is developed using point cloud of such to

Jo Jo 0 0 0

13121100|
00 J; J, J; O
lo 0 0 J; 1, 1l

Here, one can easily see that in Bezout’s approach the size
of the matrix is4 X 4, but in Sylvester’s theory the size

of the matrix is6 x 6. So the computation process for
solving Sylvester's matrix is too lengthy and time
consuming compared to that of the Bezout's matrix. The
result obtained through this method is also same as
Bezout's resultant.

B E
Spa = 0

(33)

VI.  WORKSPACE DEVELOPMENT

Parallel manipulators have smaller workspace
compared to serial manipulator as found from various

Iltera_ltures [12 14, 17]. The workspace m_eans set of aIIFig. 5 Sequential processing of captured tip coordinates with single leg
spatial coordinates of the centre of the moving platform or actuation for workspace generation
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row or column of [J*] matrix becomes zerd he parallel
manipulator with 3-DOF with rotary base using 3-RPS
configuration can be used for machining tasks on
prismatic surfaces, inclined drilling, slotting operations
with narrow range and in medical science that require
high dexterity, high accuracy, high loading capacity and
considerable stiffness.

@

APPEENDIX

Z-coordinates of tool tip

Coefficients of (12)

Ci1 =3bU — V3 Up, Cy, = 3bU —3Up ,
C13 =2U(Ty = T3), C1y = —2U(Ty — T3) ,
Cis = U?, Cyg = —2U2,

;' 4

Ci7 = 2U% 4+ p2? + (T, — T)? + 3b% — 2v/3pb — ¢2

C,1 =3bU —+/3 Up, C,, = 3bU —+/3Up,

Fig. 6 Work space generation using individual link actuation with — _ - _ _
constant velocity for 3-PRS Caz = 2U(T = T5), Caa 20(T, = Ts)

Cys = U?,Cype = —2U7?,

Ca7 = 2U% +p? + (T, — T5)? + 3b? — 2¥3pb — ¢*
C31 =3bU —+/3 Up, C3, = 3bU —+/3Up,

Cs3 = 2U(Ty — T3), C34 = —2U(Ty — T3)

C35 = U?, (36 = —2U7,

C37 = 2U% + p% + (T, — T3)% + 3b% — 2v/3pb — ¢?
Coefficients of (14)

i S ] Ly = —=Cyy — Cip+ Ci5 + Cy7, Ly = 20y,

"‘.'T/"{"] ! Ly = —=Cyy + Cip — Ci5+ Cy7, Ly = 2Cy3,

Ls =4Cy6,Lg = Ly, Ly = C1q — C1p — G5 + G4y,

oordinates of tool tip

Z-c

o5 @ _ momo\t\v
‘f‘.coodma Lg = 2C14, Lg = C11 + C12 + CIS + C17
Fig. 7 Workspace for all possible combination of link actuationwith - _¢c  _¢c 4 ¢+, M, =2C
constant velocity & without lag for 3-PRS ! 21 = = a7 T2 o

The generate workspace has almost similar shape & = —Cy1+ Coo — Cos + Co7, My = 2033,
reported by L W Tsai and Sameer Joshi [20] for 3DOFy_ _ 4¢, M, = M, M, = C,, — Cyy — Cys + Cyr)
spatial mechanisms.
Mg = 2024, Mg = Cpq + Cop + Co5 + (35
Ny = —C31 — (33 + C35 + (37, Ny = 2C34,

Iéls = —C31 + C33 — C35 + C37, Ny = 2C33,

VII. CONCLUSION

The kinematic analysis of 3-PRS parallel
manipulator is carried out using vector algebra and thre
loop closure equations are formulated. The solutions ofs = 4C34,Ng = Ny, N; = C31 — C35 — C35 + C37,
these three non linear higher order loop closure equations _ _
are worked out using BEZOUT'S resultant andq\? = 2034 No = (31 + (a2 + Cos + Gy
SYLVESTER’S method. The obtained results are saméoefficients of (18)
but the Bezout's resultant less time consuming compareq _ _ -

Sylvester method due to its higher size matrigi prok?lem?Fl = LaNe = Loy, Az = Lo = Lylz, As = LilNe = LalVs
The tool-tip coordinates are captured and exported ids = LaNy — LsN1,As = LyNs — LsNp, Ag = LyNg — Ls N3
excel format. The exported results were opened out using, — ;.n, — LN, Ag = LyNg — LgN,, A = LsNg — LgNs
file operations in MATLAB software. The 3-dimensional

surface of the exported result is plotted, which is thebr = LiN7 —L7Ny,By = LyNg — L7Np, B3 = L1Ng — L7 N3
workspace of the 3DOF parallel manipulators end-g, = ,N, — [4N,,Bs = L,Ng — LgNy, Bg = L,Ng — LgNs
effector. The singularity analysis is carried out and

jacobian matrix is derived. Normally, near the singularB7 = L3N7 = LNy, Bg = L3Ng — LgN3, By = L3No — LoN3
configurations parallel manipulator's experiences poor, = L,N, — L,N,,C, = LyNg — L,Ns, C3 = LyNo — L,Ng
performanceSingularity can be a kind of situation where

the manipulator has additional uncontrollable DOF or los§# = LsN7 = LgNa.Cs = LsNg — LgNs, Cs = LsNo — LgNs
of any existing DOF. Algebraically, singularities representc, = LN, — LyN,,Cg = LgNg — LoNs, Cy = LgNg — LoNj
rank deficiency of Jacobian matrix if two elements of any
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Coefficients of (19)

Is = Z1x3% + Zx33 + Z3x3% + Zyxg + Zs

Iy = Zexst + Z7%3% + Zgxs? + Zoxs + Zqg

Iy = Zy1x3* + Z1ox3® + Z13%3% + ZyaXs + Zis

Iy = Z16x3* + Z17x3% + Z1gX3® + Z19%3 + Z3

L = Zp1x3* + Zopx3% + Zp3x3% + Zoa X3 + Zss

7, = A,C, — ByB,

Z, = A,Cy + AyCy — 2B, B,

Zs = A;Cs + AyC, + A3C, — 2By By

Zy = AyCs + A3Cy — 2B, Bs

Zs = A5C; — B3Bs

Zg = AyCy + AyCy — 2B B,

7, = AyCs + AyCy + AyCy + AsCy — 2B, Bs — 2B, B,

Zg=A;Co+AyCs+A3Cy+A,Ca+AsCy+AgCy-2BBg-2ByBs
-2B;B,

Zo = AyC + AsCq + ACs + AgCy — 2B, B — 2B3Bs

Z1o = AsCe + AgCs — 2B3Bq

Zyy = A,Cy + A4Cy + A7Cy — 2B,B; — B,B,

Z12=A; Cg+AyCy+A,Cs+A5Cy+A;Cy+AgCy-2B Bg-2B4B;
-2B4Bs

Z13=A1C9+A,Cg+A3C7;+A4Ce+A5C5+AgCo+A;C3+AgCo+A9Cy
-2B,By-2B,Bg-2B3B;-2B,B,-BsBs

Z14=A;Co+A3Cq+AsCq+AgCs+AgCs+AgCy-2B,Bg-2B3Bg
-2BsBg

Zis = A3Cq + AgCg + AgC3 — 2B3Bg — BgBg

Zie = AyC; + A7C4 — 2B4B,

Zi7 = AyCg + AsCy + A7Cs + AgCy — 2B,Bg — 2BsB,

Z1g=A4Co+A5Cg+AcC7+A;Ce+AgCs+AgCy-2B4,Bg-2B5Bg
-2B¢B,

Zyo = AsCo + AgCq + AgCe + AoCs — 2BsBo — 2BoBg

Zyo = AgCo + AgCq — 2B4Bo

Zy = A;C; — BBy

7y = A7Cq + AgCy — 2B, By

Zy3 = A7Co + AgCq + AoCy — 2B;By — BBy

Zys = AgCo + AgCq — 2BgBo

Zys5 = AgCy — ByByg

(1]

(2

(3

(4]

(5]

(6]
(7]

(8]
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[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

[20]
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